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Abstract
A hybrid MoM/PO technique with large element PO
S. Nazo
Department of Electrical and Electronic Engineering,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.
Thesis: MScEng (Elec)
March 2012
Radar Cross Section (RCS) is an important parameter in radar engineering.
Often, electrically large structures are of interest in RCS analysis due to the
high operating frequencies of radar systems. Simulation of these problems can
be more eﬃcient than measurement due to the cost associated with measure-
ment. The Method of Moments/Physical Optics (MoM/PO) hybrid method
combines the advantages of the MoM and PO, making it suited to solving
electrically large problems that may contain some small complex detail. The
requirement for high meshing resolution when analysing some electromagnetic
problems, however, signiﬁcantly increases memory requirements. As a result,
the hybrid MoM/PO becomes computationally expensive for electrically large
problems. In this work, a linear phase term is introduced into the RWG ba-
sis function formulation of the MoM/PO hybrid. The addition of the linear
phase term allows the use of large triangular mesh elements in the PO region,
resulting in the analysis of electrically large problems. The beneﬁt of this
formulation is that it allows a reduction in computational cost whilst main-
taining the accuracy of the hybrid MoM/PO. This improved hybrid is tested
on various planar test cases and results show that it attains the same level of
accuracy as the original MoM/PO hybrid.
ii
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Uittreksel
(A hybrid MoM/PO technique with large element PO)
S. Nazo
Tesis: MScIng (Elec)
Maart 2012
Radardeursnit is 'n belangrike parameter in radaringenieurswese. As gevolg
van die hoë frekwensies wat deur baie radarstelsels gebruik word, is elektries-
groot probleme dikwels van belang in die berekening van die radardeursnit van
teikens. Die modellering en berekening van die radardeursnit van teikens kan
meer kostedoeltreﬀend as metings wees, as gevolg van die beduidende koste
van radardeursnitmetings. Die hibriede Moment-Metode/Fisiese-Optika teg-
niek kombineer die voordele van die twee tegnieke, wat dit geskik maak vir
elektries-groot probleme met klein, komplekse detail. Indien die gewone be-
nadering egter gevolg word om 'n hoë resolusie faset-model te gebruik, bly
dit berekeningsintensief met groot rekenaar geheuevereistes vir elektries-groot
probleme. In hierdie studie word 'n lineêre fase term ingesluit in die formule-
ring van die Rao-Wilton-Glisson (RWG) basisfunksies vorm van die hibriede
Moment-Metode/Fisiese-Optika tegniek. Die toevoeging van die lineêre fase
term maak dit moontlik om groot driehoekfasette in die Fisiese-Optika gebied
te gebruik, wat beteken dat elektries-groot probleme makliker opgelos kan
word. Die voordeel van hierdie nuwe formulering is dat die berekeningslas en
-tyd verminder word terwyl die akkuraatheid van die oorspronklike hibriede
Moment-Metode/Fisiese-Optika tegniek behou word. Hierdie verbeterde hi-
briede tegniek word getoets aan die hand van verskeie platvlak toetsgevalle en
die resultate dui daarop dat die akkuraatheid vergelykbaar is met die van die
oorspronklike hibriede Moment-Metode/Fisiese-Optika tegniek.
iii
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Chapter 1
Introduction
Radar Cross Section (RCS) is a parameter that indicates the EM reﬂectiv-
ity/backscatter of an object. This is an important parameter in the design of
radar systems. The RCS of electrically large structures is of particular interest
in radar because radar systems, speciﬁcally tracking radars, operate at high
frequencies. This is the case due to the high resolution and accuracy levels
required of tracking radars. Often, it is desirable to predict the RCS of objects
of interest. This can be achieved through RCS measurement or simulation
using RCS prediction software. The advantage of measurement is that accu-
rate results are obtained. The disadvantage of this process, however, is that
it can be expensive and/or impractical, especially when complete coverage of
the scattering pattern of an object is required. Simulation provides a cost ef-
fective and more ﬂexible alternative for obtaining acceptable results for many
applications.
Electromagnetic scattering problems can be divided into approximately
three categories [1]:
 In the low frequency region, the object is signiﬁcantly smaller than a
wavelength and the coupling between all parts of the body should be
taken into consideration.
 In the resonant region, the object is between 1λ and 10λ in size and all
parts of the body interact with each other.
 In the high frequency region, the total size of the object is greater than
10λ in size (electrically large) and the scattering mechanisms are mostly
highly localised. In this high frequency region, the elements of the body
are independent of one another but the object can also incorporate some
electrically small complex details.
The ﬁeld of computational electromagnetics (CEM) incorporates those
methods that approximate solutions to Maxwell's equations. Two classes of
methods exist in the ﬁeld of CEM, namely full wave (also known as exact meth-
ods) and asymptotic methods. The full wave methods constitute a body of well
1
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established methods. These methods consist of integral equation (for exam-
ple the Method of Moments) and diﬀerential equation methods (for example
the Finite Diﬀerence Time Domain method) which approximate solutions to
the integral and diﬀerential form of Maxwell's equations respectively. These
methods typically subdivide the problem of interest into a grid where each
element of the grid is stored in a matrix. These methods hence become com-
putationally expensive as the electrical size of the object is increased, largely
due to an increase in the frequency of the incident wave. As a result, this
places increased requirements on computer storage and calculation time. As
an example, if N represents the number of unknowns in a Method of Moments
(MoM) implementation, the memory required to store the elements of the ma-
trix is of order N2. For an arbitrary geometry composed of surfaces and wires
the memory requirement increases with frequency in the order of f 4.
The asymptotic methods assume an asymptotic representation of the solu-
tion in the form of a series of inverse powers of the wave number k, where typi-
cally the ﬁrst term is retained. This underlying assumption inherently implies
that these methods work well when the dimensions of the scatterer are large in
comparison to the wavelength. These methods are invalid for electrically small
objects. These methods can be divided into the ﬁeld based methods (such as
Geometric Optics) and current based methods (such as Physical Optics).
Modelling of electrically large structures can be complicated by the pres-
ence of an electrically small, complex detail in the structure. This can prevent
the calculation of an accurate result using either the full wave or asymptotic
methods independently because of the shortcomings of the methods in ad-
dressing this type of problem. The numerical methods would be limited by
the large requirements placed by electrically large problems on computer mem-
ory. Similarly, the asymptotic methods would fail to obtain the solution for the
electrically small complex detail. This leads to the deﬁnition of the problem
to be addressed in this work.
1.1 Problem Statement
In order to solve electrically large problems with electrically small, complex
detail it would be desirable to take advantage of the beneﬁts oﬀered by both the
full wave and asymptotic methods. In this way, the full wave technique would
be applied to the electrically small detail in order to obtain a rigorous solution
for this portion of the problem. Similarly, the asymptotic technique would
be used to obtain the solution for the electrically large part of the problem,
assuming the appropriate technique is applied to this portion.
Various techniques exist that are used to solve electrically large problems
with small details. Hybrid methods are widely used because these combine
the advantages of full wave methods and asymptotic methods. Current based
hybrid methods make use of both current based full wave and asymptotic
Stellenbosch University   http://scholar.sun.ac.za
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methods. One such hybrid technique is the Method of Moments/Physical
Optics (MoM/PO). A strength of this technique is that it provides seamless
hybridisation because both the Method of Moments (MoM) and Physical Op-
tics (PO) are current based. The geometry of the problem of interest can also
be modelled with surface basis functions. In this technique, one region of the
body of interest is set to the MoM whilst the other is set to the PO. The
coupling between the two regions is taken into account via the scattered ﬁelds
as a result of the currents on the surfaces.
The hybrid MoM/PO makes use of the Rao Wilton Glisson (RWG) ba-
sis function developed in [2]. This basis function has desirable properties but
means that the problem of interest has to be modelled using uniform triangular
mesh elements of size λ/10, the standard MoM meshing requirement. In the
PO region, the same basis functions are used and the same meshing restrictions
are placed in this region. The PO region can be very large when modelled with
the RWG function and this meshing requirement places additional memory re-
quirements on computational resources to store the mesh. Various techniques
have been developed by other researchers in order to address this problem.
These have included iterative techniques and the development of alternative
basis functions. Convergence problems are often encountered in iterative tech-
niques and the desirable properties of the RWG function are often lost when
alternative basis functions are deﬁned.
The aim of the work presented in this dissertation is to develop a MoM/PO
hybrid technique that allows the problem of interest to be modelled with a non-
uniform mesh containing large mesh elements in the PO region. The technique
should be in the form of a closed form equation and it should maintain the
accuracy of the MoM/PO hybrid.
1.2 Approach
In order to develop a hybrid MoM/PO that utilises a non-uniform mesh, the
following approach will be followed:
 Techniques presented in the literature to solve electrically large problems
with small detail will be studied. The techniques most suited to this work
will be identiﬁed and discussed in detail.
 The MoM/PO hybrid technique will be developed and tested with a
simple example. This test will verify the validity of the technique.
 Using insights obtained from the development of the MoM/PO hybrid,
the hybrid technique will be extended to produce an improved hybrid
MoM/PO hybrid technique. The improved hybrid will allow the incor-
poration of larger triangular mesh elements in the Physical Optics region
of the body of interest.
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 Various test simulations will be conducted to evaluate the performance
of this improved hybrid against that of the original MoM/PO hybrid.
Planar surfaces will be used to model the test cases.
1.3 Signiﬁcance
Various current based hybrid methods exist to solve electrically large problems
with small details. These methods will be presented in the literature overview
in Chapter 2. A selection of some of these hybrid techniques make use of the
RWG basis function and require that the body of interest is meshed at the
MoM requirement of λ/10. When RWG functions are not utilised, iterative
techniques and alternative basis functions are used. The hybrid MoM/PO
in [3] presents a closed form equation for the hybrid. In this work, modiﬁed
RWG basis functions are used in the closed form solution equation of the
MoM/PO hybrid, allowing the use of a non-uniform mesh to model geometry.
1.4 Chapter Overviews
In this chapter, an introduction to the problem addressed in this work was
presented. The approach to be followed in developing a technique to solve
electrically large problems with small detail was also presented. Finally, the
signiﬁcance of this work was discussed.
In Chapter 2, literature pertaining to the solution of electrically large prob-
lems with small detail is given. Chapter 3 presents the theoretical formulation
of both the Method of Moments and Physical Optics. In Chapter 4, the de-
velopment of the MoM/PO hybrid technique is presented. The mathematical
theory of the extension of this hybrid to include non-uniform meshes is also
presented. Chapter 5 presents numerical results obtained from simulations
which show the accuracy of the developed technique. A discussion of the nu-
merical results and applicability of the developed technique is also presented
in this section. Finally, a summary of the insights gained in this work is given
in Chapter 6.
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Literature
2.1 Introduction
Various techniques exist to approximate solutions to electromagnetic (EM)
scattering from electrically large bodies. The electrical size of any body is
determined using the wavelength of the incident wave. For higher frequencies
of the incident wave, the wavelength will be shorter. The EM scatter of elec-
trically large bodies is of interest to radar engineers; due to the high operating
frequencies of radar systems and the requirement to predict the radar reﬂec-
tivity characteristics of a wide variety of bodies [1]. Several techniques exist
that consider solutions for electrically large bodies [4], [5].
The current study is concerned with techniques which are used to model the
EM scattering of electrically large bodies with geometric details smaller than
several wavelengths. This is important due to the fact that established high
frequency asymptotic techniques are not able to encapsulate all the scattering
characteristics and EM behaviour at higher frequencies for small structures.
At higher frequencies, the scattering mechanisms are highly localized and ele-
ments of the body act independent of one another; at the low frequencies, long
wavelengths, the electromagnetic coupling between parts of the body is strong
and RCS slightly depends on shape.
Two classes of computational methods exist to solve the electromagnetic
scattering of large bodies, namely full wave, low frequency, and asymptotic,
high frequency, methods. The full wave techniques consist of integral equation
methods and diﬀerential equation methods [6]. These methods are well estab-
lished, but limited in usefulness as the electrical size of the body is increased,
typically over the 10 wavelength limit. These techniques place excessive de-
mands on computing power due to either the mesh size required to model
the problem or the proportional increase in the number of unknowns. The
asymptotic methods, however, work well when the dimensions of the smallest
geometrical detail of the scattering structure are large in comparison to the
wavelength, typically greater than 10 wavelengths [1]. The suitability of these
5
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methods to objects of diﬀerent electrical size is illustrated in Figure 2.1. These
methods consist of ray based and current based methods.
Figure 2.1: Methods applicable to EM scattering
In the following section, literature regarding the Method of Moments (MoM),
a prominent full wave method, will be reviewed.
2.2 Method of Moments
The Method of Moments (MoM) is a mature full wave technique employed
to solve EM ﬁeld problems. This technique attempts to solve the integral
equation formulations of Maxwell's equations. The representation of a linear
functional equation with a linear matrix equation is a mathematical technique
that has been explored since the 1800s, Galerkin developed his technique in
1915 [7]; it was not utilised because it did not have a ﬁrm mathematical basis
[8]. Pocklington derived an integral equation and proposed a solution for the
problem [6]. These methods were also not popular, before the advent of high-
speed computing, because of the tedious computation required for their use.
Schwinger et al. [8] attempted to solve microwave electromagnetic problems
at the M.I.T. Radiation laboratory with variational methods and researchers
in the ﬁeld started using these methods for practical problems. The 1960s saw
the use of numerical methods to solve electromagnetic ﬁeld problems with the
advent of high computational power. Sub sectional and point-matching proce-
dures were explored by Mei and Van Bladel for rectangular cylinders [9]. Har-
rington [7] recognized that Galerkin's method was equivalent to the Rayleigh-
Ritz variational method and questioned whether the numerical techniques that
were used at the time were not variational methods. He later coined the term
"method of moments" after an extensive literature search for the most appro-
priate wording for the method that utilises the same expansion and testing
functions. It must be noted that this is what is now known as the Galerkin
method of moments formulation.
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The two most important aspects of the method of moments formulation
are the division of the problem into smaller elements and the approximation
of the current with a basis function. A widely used technique was developed
by Rao et al. to solve the scattering from arbitrary three dimensional bodies
using the method of moments [2]. They developed what is now known as the
Rao-Wilton-Glisson (RWG) basis function to approximate the current on a
surface.
The triangular method of moments is not suited to electrically large prob-
lems, because the computer memory requirements increase in the order of n2,
with n the number of unknowns in the matrix equation. This translates into
large storage requirements for a dense matrix, resulting from an electrically
large problem. Researchers in the ﬁeld have attempted to obtain a sparse
method of moments matrix through various matrix compression techniques
that are discussed in the following sections.
2.2.1 Multilevel Fast Multipole Algorithm
The Multilevel Fast Multipole Algorithm (MLFMA) for electromagnetic prob-
lems is based on the mathematical fast multipole method. The method was
developed by Rokhlin for acoustic scattering problems. Early developments
of this technique for electromagnetic modeling were explored by Engheta et
al. in [10]. They made use of block decomposition and regrouped the far ﬁeld
elements into small low rank blocks. This was later extended to apply the
algorithm to electrically large complex bodies in [11]. Recently, accelerations
of the technique have been sought in combination with the asymptotic tech-
niques such as the method in [12]. The technique still needs to represent the
fastest variation of phase and requires the same number of unknowns as the
method of moments.
2.2.2 Multiple Sweep Method of Moments
The Multiple Sweep Method of Moments (MSMM) attempts to improve the
computational eﬃciency of the method of moments in order to ﬁnd solutions
for large problems. Early developments in this technique were performed by
Torrungrueng et al. in [13]. In this work, the authors showed that the tech-
nique splits the body of interest and solves the currents in a recursive manner.
Later, time domain interpretations of this technique were shown in [14], mak-
ing it useful for wide-band problems.
2.2.3 Characteristic Basis Function Techniques
The Characteristic Basis Function (CBF) technique introduces high-level ex-
pansion functions that incorporate the physics of the problem into the basis
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function. These basis functions are not bound by the conventional MoM dis-
cretisation requirement. This eﬀectively reduces the size of the method of
moments matrix. This technique was introduced by Prakash et al. in [15].
Their technique resulted in a reduced matrix, whilst still incorporating mu-
tual coupling eﬀects, unlike the conventional MoM. The technique has been
applied to electrically large problems in [16]. The authors demonstrated the
use of the characteristic basis function with the spectral domain integral equa-
tion method to produce a matrix equation that is not dependent on the size of
the scatterer, but only its shape. The derivation of these basis functions follows
from the PO solutions or through applications of the conventional MoM [17].
2.2.4 Adaptive Multiscale Method of Moments
The Adaptive Multiscale Method of Moments (AMMM) is suited to problems
where, in the conventional method of moments, the matrix solution time ex-
ceeds the matrix ﬁll time. The technique is presented in [18], [19], [20]. The
method is a hybrid technique that combines the multi grid method with a
compression technique. Su et al. demonstrated this technique to be useful
for solving perfectly conducting plates in [21]. Su extended this application to
arbitrary three dimensional conducting bodies in [22], using the RWG method
of moments formulation.
2.2.5 Adaptive Integral Method
The Adaptive Integral Method (AIM) attempts to reduce the storage and
solution time of the method of moments. This is achieved through compression
of the impedance matrix with the introduction of auxiliary functions. The
technique was presented by Bleszynski et al. in [23]. Applications to EM
scattering have been presented in [24] where an iterative solver has been used
with the AIM. The use of higher order method of moments basis functions
with the AIM are presented in [25], [26]. Recent modiﬁcations to the technique
include the introduction of circulant AIM [27] for cylindrical structures as well
as multiple-grid AIM [28].
2.2.6 Iterative Techniques
The iterative techniques are used in conjunction with domain decomposition
techniques, to reduce the method of moments computational requirements. A
technique to solve the Electric Field Integral Equation (EFIE) formulation of
the method of moments is presented in [29]. This technique uses the forward
backward algorithm and extends it to solve three dimensional problems.
An improvement of this technique is the Integral Equation Overlapped Do-
main Decomposition (IE-ODDM) technique. This technique builds on the for-
ward backward buﬀer region iterative method developed in [29] and is applica-
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ble to open and closed bodies. This technique is presented in [30] and provides
fast convergence and higher domain decomposition for the matrix equation.
The technique has been improved and hybridized with the MLFMA in [31]
to improve the computational and memory requirements of the MLFMA. An
iterative technique that replaces the method of moments basis functions with
macro basis functions, which are deﬁned on larger domains, is presented in [32].
This technique is used with the MLFMA.
2.2.7 Green's Function Modiﬁcation Techniques
The Green's function techniques modify the Green's function in the MoM
formulation in order to reduce the number of unknowns in the MoM matrix.
These techniques are presented in [33] and [34]. The technique presented
by Umashankar et al. divides the object by invoking the electromagnetic
equivalence principle.
2.2.8 Other Matrix Simpliﬁcation Methods
Some other techniques to simplify the MoM matrix include the wavelet based
method of moments formulations [35], the use of other higher order basis func-
tions [36] and techniques used with edge elements [37]. These techniques at-
tempt to deﬁne other basis functions that simplify the MoM matrix.
2.3 Asymptotic Methods
The asymptotic methods represent the class of methods that increase in ac-
curacy when the dimensions of the scatterer are large in comparison to the
wavelength. These methods present an asymptotic representation of the solu-
tion in a series of inverse powers of k, the wave number, where only the ﬁrst
term is retained. The asymptotic representations are based on an ansatz that
is the product of a rapidly varying exponential of a phase function and a slowly
varying amplitude function. The mathematical ansatz is the assumed form of
the equation describing a problem. This form is arrived at through analysis
and the expected answer is tested after the equation is applied.
The two solution regions of the asymptotic solutions are the ray ﬁeld zones
and zones where ray ﬁeld representations are invalid. The ray ﬁled zones are re-
gions where the ﬁeld is locally similar to a plane wave. Zones in which the ﬁeld
cannot be approximated by a locally plane wave, are located at light-shadow
boundaries and near the envelope of rays (caustic). There exist techniques to
treat generic caustics, but these techniques fail on singular caustic curves and
regions where many boundary layers overlap [38]. It then becomes necessary
to calculate the surface scattered ﬁeld in space through an integration of the
currents in these regions. This eﬀectively divides the asymptotic techniques
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into ray based and current based techniques. Various asymptotic methods ex-
ist to predict various scattering characteristics, but none of these techniques
are able to predict the surface travelling wave [1]. These asymptotic methods
are discussed in the following sections.
2.3.1 Geometric Optics
Geometric Optics (GO) refers to the ray tracing techniques used in the opti-
cal frequency domain. This technique is based on incident, transmitted and
reﬂected rays. Sommerfeld and Runge established a link between Maxwell's
equations and ray optics by demonstrating the derivation of geometric op-
tics laws from Helmholtz's scalar wave equation [38]. This was extended to
vector ﬁelds by Ignatowsky and later formalized by Luneberg and Kline [38].
Luneberg and Kline showed that geometric optics is the ﬁrst term of an asymp-
totic series. Their technique was able to account not only for the refraction and
reﬂection at boundary surfaces, but the intensities of the waves as well [39].
Geometric Optics, however, predicts inﬁnite results for ﬂat or singly curved
surfaces and does not account for diﬀraction.
2.3.1.1 Geometric Theory of Diﬀraction
The Geometric Theory of Diﬀraction (GTD) is a signiﬁcant extension of the
geometric optics to diﬀraction problems [4]. This technique was introduced
by Keller in [40]. His technique incorporated the diﬀracted ﬁelds into the
GO through a generalization of Fermat's principle [38]. This was based on
the asymptotic evaluation of diﬀraction solutions of Maxwell's equations for
canonical problems, such as a wedge.
Asymptotic uniform solutions were developed to overcome the limitations
of the GTD by Kouyoumjian [4]. These solutions are the uniform theory of
diﬀraction (UTD) of Kouyoumjian and Pathak [39] and the uniform asymptotic
theory (UAT) of Lee and Deschamps [38]. The method of equivalent currents
(MEC) is an extension of the GTD which removes the caustics of diﬀracted
rays [38]. This technique replaces the diﬀracted ﬁeld with equivalent line
currents that can be found from the GTD diﬀraction coeﬃcients.
2.3.2 Physical Optics
Physical Optics (PO) is derived from the Stratton-Chu integral equations [4].
Stratton showed that for open surfaces, additional terms could be added to
the equations to account for edge discontinuity. Physical optics overcomes the
GO inﬁnite results for ﬂat and singly curved surfaces through an integration of
the induced surface ﬁelds to obtain the scattered ﬁeld. The technique assumes
that the incident electromagnetic ﬁeld causes induced surface currents that
are proportional to the magnetic ﬁeld intensity on the illuminated areas of the
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scatterer. The drawback of PO is that it does not account for surface currents
in shadowed regions and the contributions from surface waves, multiple reﬂec-
tions and edge diﬀractions are not included. Recently, some PO formulations
have been modiﬁed to account for these eﬀects with the inclusion of additional
terms and/or special currents.
2.3.3 Physical Theory of Diﬀraction
The Physical Theory of Diﬀraction (PTD) was developed by Uﬁmtsev in [41].
He developed this technique during the period in which Keller developed his
GTD. PTD improves PO and is a superposition of the PO ﬁeld and its cor-
rection [42].
Uﬁmtsev introduced the concepts of fringe ﬁelds and fringe waves and pos-
tulated that the current on the surface of a scatterer can be represented by
the sum of uniform and fringe ﬁelds. The uniform ﬁeld is associated with the
regular portion of the surface, whilst the fringe ﬁeld is associated with discon-
tinuities. Uﬁmtsev used the canonical solution of the scattering by a wedge
and retained the approximate physical optics result [4]. Due to GTD's reliance
on the solution of this wedge, it is applicable to scattering directions that lie
on the Keller cone [4].
This was improved upon by Mitzner with his incremental length diﬀraction
coeﬃcient (ILDC) technique, which extends the applicability of PTD to ar-
bitrary scattering directions. Burton and Uﬁmtsev improved the formulation
of PTD [38], for direct calculation of the fringe wave contribution pertaining
to the scalar case. A recent improvement to PTD has been implemented by
Uﬁmtsev in [43]. He proposes to remove the singularity at grazing directions
to the edge faces. This technique deﬁnes a new uniform component for the
surface current.
2.3.4 Shooting and Bouncing Rays
The Shooting and Bouncing Rays (SBR) technique was initially presented by
Ling et al. in [44] for the calculation of the interior RCS from open cavities.
The SBR is based on ray tracing, using GO laws. The PO is then used to
determine the resulting scattered ﬁeld from each ray. The advantage of this
method is that it imposes no restrictions on the shape or material loading of
the cavity and allows greater ﬂexibility in geometrical modelling [45].
2.3.5 Spectral Theory of Diﬀraction
The Spectral Theory of Diﬀraction (STD) was introduced by Mittra et al.
in [46], [47]. This technique represents the solution of diﬀraction problems
with illuminating ﬁelds in the form of a spectrum of plane waves. Non-ray
ﬁelds are presented in the form of a spectrum of plane waves. The technique
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is valid in the transition region that contains the lit and shadow areas. The
use of the STD to obtain uniform diﬀraction coeﬃcients is proposed in [38].
2.4 Hybrid Methods
In the previous sections, the method of moments and asymptotic high fre-
quency methods were discussed. The application of the asymptotic methods
is sometimes met with diﬃculties in practice, because some objects contain
rapidly varying geometrical features that are electrically too small to be mod-
elled accurately with these methods. On the other hand, the full wave methods
place excessive demands on computational power and are limited by the in-
crease in the electrical size of bodies.
The hybrid methods attempt to supplement the limitations of both the
full wave and asymptotic methods, through the combination of both types
of methods. With these methods, the body is divided into portions that are
solved using a full wave method and an asymptotic method. These hybrid
techniques can be broadly classiﬁed into ﬁeld-based and current-based hybrids
[48], although there are other types of hybrid methods that exist. The ﬁeld-
based hybrids utilize asymptotic methods in the ray ﬁeld solution regions in
combination with a full wave technique. The current-based hybrids utilize
a current-based asymptotic technique such as physical optics, with a current
based full wave technique. In the following sections, the hybrid methods will
be discussed in detail.
2.4.1 Current-based Hybrids
The current-based hybrid methods are based upon two methods that each
utilise a current formulation. An important aspect of the current based hybrids
is that the ansatz current must be valid in the region that it is applied to [49].
2.4.1.1 Method of Moments/Physical Optics (MoM/PO) Hybrid
The Method of Moments/Physical Optics (MoM/PO) hybrid is one of the
most common hybrid methods in use. These two techniques lend themselves to
hybridisation, because they are both current based. It is, therefore, possible to
model a continuous current ﬂow on the boundary between the two techniques.
These techniques divide the scatterer into a MoM region and a PO region.
The various formulations pertaining to the method of moments/physical optics
hybrid are presented in this section.
Body of Revolution MoM/PO Early work in current hybrid techniques,
utilizing both PO and Fock current theory, were presented by Medgyesi-Mitschang
and Wang in [50]. Their work incorporated the Fock solution of currents, in
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the asymptotic region, into the MoM. They later improved upon this technique
in [51] by implementing a PO solution with the MoM for convex Bodies Of
Revolution (BOR). A similar work was presented in [52] for dielectric analysis
in large problems.
Surface Integral Equation Based Hybrids Integral equations can be de-
rived for problems with currents ﬂowing on surfaces in the same manner as the
Pocklington equations [6]. The Electric Field Integral Equation (EFIE) relates
the currents ﬂowing on a surface to the incident electric ﬁeld. The magnetic
ﬁeld integral equation (MFIE) relates the currents on a surface to the incident
magnetic ﬁeld. The EFIE is valid for both open and closed surfaces, while
the MFIE is only valid for closed surfaces. In the EFIE hybrid formulations,
the MoM solution is derived according to the EFIE. This is used to deﬁne the
MoM boundary solution for the incident electric ﬁeld and induced current [7].
Early hybrid formulations were presented by Kim and Rahmat-Samii in
[53]. Their work presented a hybrid method utilizing basis functions over
the MoM region and the PO region for 3D problems. In their work, they
coupled the electric ﬁeld due to the PO into the MoM and also the magnetic
ﬁeld due to the MoM into the PO solution. They applied this technique to
the study of low proﬁle antennas. Similar hybrid methods were presented
in [54], [55], [56] and [57]. Some general guidelines for implementing this
hybrid method are provided in [55]. Obelleiro's hybrid method in [54] includes
complex geometries into the MoM region and implements a slightly diﬀerent
coupling method between the MoM and PO regions.
The MFIE hybrid formulations apply the MFIE to the MoM. One such
technique was presented by Bilow in [58]. In his work, Bilow used the MoM/PO
hybrid to obtain electric currents for a wedge problem and obtained the cur-
rent expansion coeﬃcients using the MFIE. This technique was later improved
upon by Gong [59], with a modiﬁcation of the basis functions close to the tran-
sition region for wedges. Obelleiro presented a replacement of the PO with an
iterative solution of the MFIE for the hybrid in [54]. This technique includes
multi-bounce eﬀects in the PO region.
Improved Asymptotic Region Formulations Improvements to the MoM-
PO hybrid method introduced in the previous section have been attempted in
the literature. These improvements attempt to improve the accuracy of the
asymptotic solution of the problem and can be done in various ways.
The technique presented by Wang in [60] improved the accuracy of currents
in the PO region for bodies of revolution. In this work, Wang introduced
a diﬀraction current term that improves the modeling of the non-specular
eﬀects of surface waves. Jakobus and Landstofer later introduced a fringe
wave current term for ﬂat polygonal parts of a scattering body in [3]. Their
fringe wave current term incorporates edge eﬀects in the PO region. They
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subsequently developed a Fock current approximation for the currents in the
asymptotic region without the use of the basis functions in [61]. They have also
improved the memory requirements of the MoM/PO hybrid with the inclusion
of the UTD, because of the low memory requirements of the UTD in [62]. A
linear interpolation of the phase over the PO region is presented in [63], which
allows the use of large PO triangles in the hybrid method. Similar asymptotic
improvements in the hybrid are presented in [64].
Higher Order Basis Function Formulations Higher order techniques
allow the use of basis functions deﬁned on larger triangles, in order to reduce
the number of unknowns in the conventional MoM/PO hybrid formulation,
resulting in a more eﬃcient method [65].
Jorgensen et al. explored the use of higher order basis functions in [66].
In this technique, they made use of higher order basis functions on higher
order quadrilateral patches, in order to reduce the number of unknowns by a
factor of 4 in the conventional MoM/PO hybrid method. A similar technique
is presented in [67], where diﬀerent higher order basis functions are deﬁned in
both the MoM and PO region. This technique allows the use of both small and
large triangular patches in the same mesh. An improvement to this technique is
presented in [68]; with an iterative algorithm that employs multiple reﬂections
between PO currents.
Other Techniques Other formulations for the MoM/PO hybrid method in-
clude sparse matrix techniques, such as the one presented in [69], [70], Green's
function modiﬁcations techniques in [71], [72] and a wavelet expansion in [73],
to obtain the dominant components of the current.
2.4.1.2 Iterative Current Based Hybrids
Iterative techniques make use of some iterative algorithm in the full wave or
asymptotic region of the problem.
MoM/PO Hybrid Iterative Techniques Iterative techniques have been
presented by Kim and Thiele in [74]. This technique made use of the method of
moments and an asymptotic current derived from the MFIE. This formulation
was applied to diﬀraction problems in and close to the shadow boundary. This
was later improved upon by Kaye et al. in [75], where the need for the MoM
region is removed.
A combination of the EFIE and MFIE, to model both open and closed
surfaces, has been presented in [76] for objects that are represented with wires
and metallic surfaces. This technique retains MFIE terms that are usually
neglected in the MoM/PO hybrid. This technique was later improved by
Garcia et al. in [77]. Their technique made use of macro basis functions and
an iterative Krylov approach.
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Edlund developed a parallel iterative MoM/PO hybrid in [78]; this tech-
nique is based on the Gauss-Seidel process to avoid matrix and storage com-
putations. An iterative asymptotic improvement method is presented in [79].
This technique is used to consider multiple interactions in the PO region of
the MoM/PO.
Other Iterative Current Based Methods Other iterative current based
methods include the EFIE based formulation in [80], the hybrid ﬁnite element
method (FEM)/method of moments with PO, GTD and PTD for improved
modeling of higher order interactions in 2D reﬂector antennas in [81]. A purely
iterative technique used to solve for the MFIE with the inclusion of Fock and
edge diﬀraction theory is presented in [82].
2.4.2 Field Based Hybrids
The ﬁeld based hybrid methods make use of a ﬁeld based ansatz, obtained
from the GTD or a modiﬁcation of the Green's function [83].
2.4.2.1 MoM/GTD Hybrid
The use of the MoM/GTD hybrid usually requires a known diﬀraction coef-
ﬁcient [48]. The hybrid technique was presented by Thiele et al. [84]. The
GTD derived ﬁelds form a part of the problem and the rest of the problem
geometry is represented with the MoM. The MoM region is represented by
equivalent currents. This technique was further improved by Ekelman and
Henderson [48], for wire antennas near curved surfaces. These techniques were
developed for a variety of wedge diﬀraction solutions with the use of GO. The
use of GTD limits the distance at which a source may be placed from a wedge
and this has been addressed by Thiele et al. [48]. Thiele et al. have also devel-
oped techniques to combine the MoM with the surface wave diﬀraction theory
and creeping wave theory of the UTD [48].
2.4.2.2 MoM/Green's Function Ansatz
A shortcoming of the MoM/GTD technique is limitations with reference to
caustics and the proximity of ﬁeld and source points [83]. This has been
improved with the use of the EFIE formulation by using MoM to obtain a
numerical Green's function for a problem. Harrington and Mautz used this
approach to ﬁnd the Green's function for a BOR [48]. This approach was later
also used by Glisson and Butler to obtain the Green's function for a wire in the
presence of a BOR [48]. Hybrid techniques with numerical Green's functions
are highly accurate for complex and moderately large structures. Techniques
which utilize this have been presented in [85], [86] and [87]. These techniques
have proved useful for eﬃcient parametric studies of antennas.
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2.4.2.3 Other Field Based Hybrids
Other ﬁeld based hybrid techniques include the GTD/MoM hybrid technique
developed by Burnside et al. [88]. The diﬀerence between this method and
the MoM/GTD hybrid is that only the form of the diﬀracted current away
from the diﬀraction region is required. An improvement to this technique was
presented in [89], with a series representation of the diﬀracted current that
is valid at all angles. A similar technique using ray based image methods is
presented in [90].
2.4.3 Other Hybrid Methods
Other hybrid methods that attempt to solve electrically large problems with
complex detail include the asymptotic hybrid method by Weinmann in [91].
This technique makes use of ray tracing with PO/PTD to reduce the surface
integral to ray contributions. Time domain hybrids are presented in [92], [93]
and [94]. These time domain hybrids replace the numerical frequency domain
based technique with a time domain technique.
2.5 Extraction Methods
The extraction methods are based on the extrapolation of a current distribu-
tion to high frequencies from the knowledge of low frequency solutions [95].
Such techniques have been reported to be possible and have been explored in
various works [96].
The Asymptotic Phase Extraction (APE) introduced by Kwon et al. in [97]
reduces storage and computation. This is done through the extraction of phase
front characteristics of surface currents from known current samples at lower
frequencies. The use of current modes to extrapolate a PO current has been
explored by Catedra et al. in [98]. This technique avoids the use of dense
sampling required by some rigorous methods. Seﬁ and Bergholm have used
the PO and MoM to gain insights into the surface currents in order to model
some currents in the shadow region in [96]. Their technique models the current
based on the incident magnetic ﬁeld.
2.6 Conclusion
In this work, literature pertaining to modeling of electrically large bodies with
some electrically small complex detail was presented. The full wave methods
provide exact solutions for electromagnetic wave scattering. These methods,
however, place much demand on computing power as the electrical size of the
problem is increased. Due to the demands on computational power, these
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methods are, given current computing technology, usable for problems up to
approximately tens of wavelengths in size.
The asymptotic methods provide an asymptotic series representation of
the solution, where some of the ﬁrst terms are retained. These methods work
well when the smallest geometrical dimension of a problem is greater than 10
wavelengths. Various asymptotic techniques exist to model scattering proper-
ties such as reﬂection and diﬀraction, but few of these techniques are able to
model the surface travelling wave. The asymptotic techniques become invalid
when an electrically large body with some ﬁne complex detail is modelled.
Attempts to improve the shortcomings of both the full wave and asymptotic
methods are made by the hybrid methods. These hybrid methods supplement
the shortcomings of both full wave and asymptotic methods. The current based
hybrid methods combine a current based full wave method with current based
asymptotic methods. The method of moments/physical optics (MoM/PO)
hybrid is one of the most widely used current hybrid methods. This hybrid
models a continuous current ﬂow in the transition between the full wave and
asymptotic region. Techniques that utilize the MoM/PO hybrid include body
of revolution, surface integral and iterative techniques. Improvements to the
MoM/PO have been made in the asymptotic solution region. Field based hy-
brid techniques make use of a ﬁeld based ansatz or a Green's function modiﬁ-
cation in combination with a full wave method. The MoM/GTD is the earliest
hybrid technique developed for ﬁeld based hybrids. Green's function modiﬁ-
cations improve limitations with reference to caustics in the GTD method.
Extraction methods extrapolate the current distribution at low frequencies,
where full wave methods are eﬀective, to higher frequency solutions. Methods
that utilise extraction techniques reduce storage and computation through the
insights gained from low frequency solutions of problems.
The next chapter will discuss the mathematical theory underlying the
Method of Moments and the Physical Optics.
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Background
3.1 Introduction
In the previous chapter, an overview of the techniques that are applicable to
electromagnetic scattering for electrically large structures was presented. In
this chapter, the theory underlying the Method of Moments and the Physical
Optics will be discussed.
3.2 Method of Moments
The Method of Moments is a general procedure for solving linear ﬁeld prob-
lems. The technique reduces a functional equation to a matrix equation. Con-
sider the deterministic equation [7]:
L(f) = g (3.2.1)
where L is a linear operator, g is known and f is unknown. The operator L
maps the function g to f . Let f be expanded a series of functions f1, f2, f3, · · ·
in the domain of L as
f =
∑
n
αnfn (3.2.2)
with αn constants and fn expansion functions (also known as basis functions).
The summation in (3.2.2) is inﬁnite for exact solutions and ﬁnite for approxi-
mate solutions. The fn form a complete set of basis functions for exact solu-
tions. Substitution of (3.2.2) into (3.2.1) results in the residual
R = L
∑
n
αnfn − g. (3.2.3)
The residual is the diﬀerence between the approximate solution and exact
solution. A point-matching procedure forces the residual to zero at N discrete
18
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points. It is better to obtain an average value of the residual over the domain
of the problem and set it to zero. This can be done by deﬁning a set of
weighting functions, or testing functions, w1, w2, w3, · · · in the range of L. If it
is assumed that a suitable inner product < f, g > is deﬁned for the problem;
the inner product with each wm results in∑
n
αn < wm, Lfn >=< wm, g > (3.2.4)
with m = 1, 2, 3, · · · . This set of equations can be written in matrix form as
[lmn][αn] = [gm] (3.2.5)
where
[lmn] =
< w1, Lf1 > < w1, Lf2 > · · ·< w2, Lf1 > < w2, Lf2 > · · ·
. . . . . . < wm, Lfn >
 (3.2.6)
[αn] =
α1α2
...
 (3.2.7)
If the matrix [I] is non-singular then its inverse I−1 exists. The αn coeﬃ-
cients are then given by
[αn] = [I
−1
nm][gm] (3.2.8)
and the solution for f is given by (3.2.2). For concise expression, deﬁne the
matrix of functions
[f˜ ] = [f1f2f3 · · · ] (3.2.9)
and write
f = [f˜n][αn] = [f˜n][I
−1
mn][gm] (3.2.10)
The solution to this equation may be exact or appropriate, depending on the
choice of fn and wn. When wn is chosen to be the same as fn, this is known as
Garlekin's method. Generally, fn should be linearly independent and chosen
such that some superposition approximates f in (3.2.2) reasonably well. The
wn should also be linearly independent and chosen such that the products
< wn, g > depend on relatively independent properties of g.
3.3 Electric Field Integral Equation (EFIE)
Formulation
An integral equation formulation for the surface current on induced on a scat-
tering body is derived from boundary conditions on the electric ﬁeld as in [2].
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Let S denote the surface of an open or closed perfectly conducting scatterer
with unit normal nˆ. Ei is the incident electric ﬁeld, due to an impressed
source in the absence of the scatterer, which induces surface currents J on S.
If S is an open surface, J is the vector sum of the surface currents on opposite
sides of S; hence the normal components of J must vanish on boundaries of
S. The scattered electric ﬁeld Es can be computed from the surface current
J and charge σ by
Es = −jωA−∇Φ (3.3.1)
with the magnetic vector potential deﬁned as
A(r) =
µ
4pi
∫
S
J
e−jkR
R
dS ′ (3.3.2)
and the scalar potential as
Φ(r) =
1
4pi
∫
S
σ
e−jkR
R
dS ′. (3.3.3)
A harmonic time dependence exp(jωt) is assumed and suppressed, k =
ω
√
µ = 2pi/λ with λ the wavelength in the homogeneous region exterior to S
with permeability µ and permittivity . R =| r − r′ | is the distance between
an arbitrarily located observation point r and a source point r′ on S. Both r
and r′ are deﬁned with respect to a global coordinate origin O. The surface
charge density σ is related to the surface divergence of J , in the plane of the
surface, through current continuity
∇S · J = −jωσ. (3.3.4)
An integro-diﬀerential equation for J is obtained by enforcing the boundary
condition nˆ× (Ei +Es) = 0 on S, resulting in
−Eitan = (−jωA−∇Φ)tan, r on S. (3.3.5)
(3.3.5), with (3.3.2)-(3.3.4), constitute the mixed potential electric ﬁeld inte-
gral equation. The presence of derivates on the current in (3.3.4) and scalar
potential (3.3.5) suggest that care be taken in the selection of basis/expansion
and testing functions in the method of moments(MoM).
3.3.1 Basis function development
In MoM surface problems, the geometry must be split up into smaller elements
and the current on the surface must be approximated by some function. The
set of basis functions introduced by Rao, Wilton and Glisson in [2] are suited to
triangular patch modeling and for use with the EFIE. The basis functions are
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often known as the RWG elements. The basis function is vector in nature and
its individual scalar components can be recovered with some manipulation.
Current continuity has to be enforced over an edge of a triangular patch and
this can be achieved with the interpolation function
f(n) =

ln
2A+n
ρ+n , r in T
+
n
ln
2A−n
ρ−n , r in T
−
n
0, otherwise.
(3.3.6)
The vectors ρ+n and ρ
−
n are illustrated in Figure 3.1. These position vectors
are deﬁned relative to the relevant free vertex. The basis function is associated
with an interior edge of the patch and vanishes everywhere on S except in
the two triangles attached to that edge. Two such triangles are T+n and T
−
n in
Figure 3.1. A
+/−
n are the areas of triangles T
+/−
n respectively. The length of
the shared edge is ln. Points within T
+
n are designated by the position vector
ρ+n deﬁned with respect to the free vertex of T
+
n (left hand node); similarly
points within T−n are deﬁned with respect to the free vertex of T
−
n .
Edge 2E
dge
 1
Edge 3
Figure 3.1: The RWG basis function on a common edge between triangles T+n and
T−n
The basis function fn(r) has no component normal to the boundary (up-
per and lower sides of either triangle) of the surface formed by the triangles
T+n and T
−
n . This means that no line charges will exist along this boundary
between these triangles. The component normal to the shared edge is linearly
interpolated in the tangential direction (along the edge) and interpolated as a
constant normal to (across) the edge [2]. This latter factor normalises fn such
that its ﬂux density normal to the shared edge is unity, ensuring continuity of
current normal to the edge.
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3.3.2 The MoM formulation
The surface divergence of fn, which is proportional to the surface charge den-
sity associated with the RWG basis function, is
∇s · f(n) =

ln
A+n
, r in T+n
ln
A−n
, r in T−n
0, otherwise.
(3.3.7)
This result can be derived with the use of simplex coordinates [2]. (3.3.7)
shows that the charge density is constant in each triangle, the total charge of
the triangle pair T+n and T
−
n is zero, and is approximated by a pulse doublet.
The surface current on S is approximated by
J =
N∑
n=1
Infn(r) (3.3.8)
where N indicates the number of interior edges. There are three basis func-
tions deﬁned on each non-boundary edge of a triangular face but at any given
edge; the basis function associated with that edge has a normal component of
current. (3.3.8) also shows that the basis functions are independent in each
triangle since the current In, normal to edge n, is an independent quantity.
The sum of the normal components of current J on surface boundary edges
cancels because of current continuity. There is, therefore, no need to deﬁne
basis functions on these edges.
The testing functions are chosen to be the same as the basis functions fn.
The symmetric product presented in (3.2.4) is deﬁned as
< f , g >=
∫
S
f · gdS, (3.3.9)
(3.3.5) is tested with fm, m = 1, 2, . . . , N , yielding
< Ei,fm >= jω < A,fm > + < ∇Φ,fm > . (3.3.10)
Application of the gradient operator to the surface charge σ, the expansion of
which is the pulse doublet of (3.3.7), in Φ is not advisable. With the use of
a surface vector calculus identity and the properties of fm, the last term in
(3.3.10) can be written as
< ∇Φ,fm >= −
∫
S
Φ∇S · fmdS. (3.3.11)
The diﬀerential has now been moved to the testing function, which has the
appropriate ﬁrst order terms to obtain a ﬁnite result. With (3.3.7), the integral
in (3.3.11) can now be written and approximated as follows:
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∫
S
∇ΦS · fmdS = lm
(
1
A+m
∫
T+m
ΦdS − 1
A−m
∫
T−m
ΦdS
)
= lm[Φ(r
c+
m )− Φ(rc−m )].
(3.3.12)
In (3.3.12), the average of Φ over each triangle is approximated by the
value of Φ at the triangle centroid, where c+ and c− refer to the centroids of
the + and - triangles respectively. Similar approximations can be applied to
the vector potential and incident ﬁeld terms in (3.3.10) to obtain
〈{
Ei
A
}
,fm
〉
= lm
[
1
2A+m
∫
T+m
{
Ei
A
}
· ρ+mdS +
1
2A−m
∫
T−m
{
Ei
A
}
· ρ−mdS
]
=
lm
2
[{
Ei(rc+m )
A(rc+m )
}
· ρ+m +
{
Ei(rc−m )
A(rc−m )
}
· ρ−m
]
,
(3.3.13)
where the integral over each triangle is eliminated by approximating Ei (or A)
by its value at the triangle centroid. With (3.3.11)-(3.3.13), (3.3.10) becomes
jωlm[A(r
c+
m ) ·
ρc+m
2
+A(rc−m ) ·
ρc−m
2
] + lm[Φ(r
c−
m )− Φ(rc+m )]
= lm[E
i(rc+m ) ·
ρc+m
2
+Ei(rc−m ) ·
ρc−m
2
],
(3.3.14)
which is the equation enforced at each triangle edge, m = 1, 2, · · · , N . The
testing procedure reduces the diﬀerentiation requirements on (3.3.5) by inte-
grating ∇Φ ﬁrst. (3.3.12) and (3.3.13) eliminate the surface integrals of the
potential quantities and allow a double surface integral to be approximated
by a quantity containing a single surface integral. This reduces the computa-
tional cost of moment matrix elements as this is computed numerically, using
quadrature. The integrations are thus performed only over the source ele-
ments. This is an approximate implementation of the Galerkin method [6].
This approach does not yield a symmetrical matrix as would be expected with
the Galerkin formulation. This approximation also admits another interpre-
tation. If a razor-blade testing function is deﬁned along the line connecting
triangle centroids; approximating that integral with the integrands evaluated
at centroids, the result is identical [6].
3.3.3 Matrix equation entries derivation
Substituting the current expansion of (3.3.8) into (3.3.14) yields the system of
N ×N linear equations of the MoM formulation, written as
V = ZI (3.3.15)
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where Z = [Zmn] is an N × N matrix; I = [In] and V = [Vm] are column
vectors of length N . The elements of Z and V are given by
Zmn = lm
[
jω
(
A+mn ·
ρc+m
2
+A−mn ·
ρc−m
2
)
+ Φ−mn − Φ+mn
]
(3.3.16)
Vm = lm
(
E+m ·
ρc+m
2
+E−m ·
ρc−m
2
)
(3.3.17)
where
A±mn =
µ
4pi
∫
S
fn(r
′)
e−jkR
±
m
Rm
dS (3.3.18)
Φ±mn = −
1
4pijω
∫
S
∇′S · fn(r′)
e−jkR
±
m
Rm
dS (3.3.19)
R±mn = |rc±m − r′| (3.3.20)
and
E±m = E
i(rc±m ). (3.3.21)
For a plane incidence, the electric ﬁeld is set to
Ei(r) = (Eθθˆ0 + Eφφˆ0)e
−jk·r (3.3.22)
with the propagation vector k given by
k = k(sin θ0 cosφ0xˆ+ sin θ0 sinφ0yˆ + cos θ0zˆ) (3.3.23)
and the quantities θˆ0 and φˆ0 denote the angle of arrival of the plane wave in
spherical coordinates.
Once the elements of the MoM matrix and the V vector are determined, the
resulting system of linear equations may be solved for the unknown vector I in
(3.3.15). The computation of the elements of Zmn requires the computation of
(3.3.18)-(3.3.20), an eﬃcient numerical computation scheme of these elements
is presented in the original RWG formulation [2]. It must be noted that the
Green's function in (3.3.18) contains the distance the between the source point
and testing point, Rm. This integral can become singular when the source and
test point are collocated or suﬃciently close together. The resulting self term,
Zmm can be handled via various singularity evaluation schemes. The simplest
and often most encountered scheme is the avoidance of the singularity term by
ensuring the source and test points are not at the same location. In this work,
a singular scheme which transforms the triangular points into a quadrilateral
region where the singularity is integrable using Gaussian quadrature rules.
To obtain the scattered ﬁelds, the resulting currents on each triangle can
be integrated over the region of the surface using the radiation integrals in [5].
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A more commonly used approach to determine the scattered ﬁeld, valid when
the resolution of the mesh triangles is much smaller than a wavelength, is the
dipole approximation. With this technique, each triangle pair is considered as
a small dipole, having a dipole moment directed between the triangle centroids.
The total scattered ﬁeld is then obtained as a sum of all the contributions of
these dipoles. The dipole moment is a product of an eﬀective dipole current
and dipole length given by [5]:
mn = lnIn(r
c−
n − rc+n ). (3.3.24)
The electric ﬁeld due to a dipole at the origin is
En(r) =
ηoe
−jkr
4pi
{[r ·mn
r2
−mn
](jk
r
+
1
r2
[
1 +
1
jkr
])
+ 2
(r ·mn
r2
) 1
r2
[
1 +
1
jkr
]}
(3.3.25)
where r is the vector from the dipole centre to the observation point and ηo is
the free space impedance. (3.3.25) is represents the exact scattered ﬁeld with-
out any far ﬁeld approximations. The practical limitation of this formulation
is that it is restricted by the size of the RWG element. When the observation
distance is in the order of the RWG element length, the dipole approximation
performs poorly.
3.3.4 Application of the RWG MoM formulation
The developed RWG MoM formulation is demonstrated using a square per-
fectly conducting ﬂat plate in and a dihedral corner reﬂector.
The currents on the 1λ square ﬂat plate are illustrated in Figure 3.2. These
currents are generated for a mesh resolution of λ/10. Good agreement is shown
between the developed technique and the reference results. This reference re-
sult is obtained from the EM simulation package FEKO. The slight diﬀerences
observed between the results can be attributed to the diﬀerence in singularity
handling schemes that are used in this formulation and the theoretical formu-
lation. More accurate singularity integration schemes can yield better results.
Figure 3.3 illustrates the monostatic scattering cross section oﬀ the plate.
Good agreement is again observed between the MoM and the reference so-
lution. As the size of the mesh resolution is varied, the resulting scattering
cross section also varies as illustrated in Figure 3.4. In this ﬁgure, the mesh
resolution is varied from λ/10 to λ/6. Nonetheless, good agreement is still
observed between this technique and the reference solution because the dipole
approximation is still valid. The slight discrepancies between the reference re-
sults and this technique can again be attributed to the diﬀerence in integration
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Figure 3.2: Current density on λ square plate
schemes used. This formulation makes use of a six point Gaussian quadrature
integration scheme. RCS Comparison for 1λplate0 5 1015 20 253 35 4045 50 5560 6 7075 80 8590-60-50-40-30-20-1001020 MoMReference
Figure 3.3: Monostatic radar cross section of λ square plate
The dihedral corner reﬂector of Figure 3.5 is simulated with an incident
ﬁeld that varies from θ = 0◦ to θ = 90◦, for ﬁxed φ = 0◦. The scattered ﬁeld
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Figure 3.4: Monostatic radar cross section of λ square plate as mesh resolution is
varied
obtained with the dipole approximation is illustrated in Figure 3.6. Again,
good agreement is observed between this formulation and the reference result.
The slight asymmetry between the two results can be attributed to the diﬀerent
geometrical mesh models used for the two results.
Figure 3.5: λ× λ× λ dihedral corner reﬂector
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Figure 3.6: Monostatic radar cross section of dihedral corner reﬂector
3.4 Physical Optics (PO)
In this section, the development in [5] is followed. The Physical Optics approx-
imation provides an estimate for an unknown current on an electrically large
body, S. The current in the illuminated part of the body is approximated with
the Geometrical Optics current whilst no current exists in the shadowed part
as follows:
JS ≈
{
2nˆ×H i, for the illuminated portion
0, for the shadowed portion
(3.4.1)
where H i is the incident magnetic ﬁeld intensity at the surface S and nˆ in
the local surface normal unit vector. The PO is an approximation of the
magnetic ﬁeld integral equation (MFIE) and can be seen as an application of
the equivalence principle.
3.4.1 Scattering from a rectangular plate with the PO
Consider the rectangular plate with sides a and b in Figure 3.7.
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Figure 3.7: Rectangular plate with incident plane wave [5]
Ei represents the planar incident electric ﬁeld with arbitrary polarisation
incident from an angle (θ0, φ0). The wave polarisation is determined by the
constants Eθ and Eφ in
Ei = (Eθθˆ0 + Eφφˆ0)e
−jk·r. (3.4.2)
When the wave is propagating towards the origin, the propagation vector kˆ =
−rˆ, the vector to the incident ﬁeld point, and the magnetic ﬁeld intensity is
given by
H i =
−rˆ ×Ei
η
= −(Eθθˆ0 − Eφφˆ0)e
−jk·r
η
, (3.4.3)
where the above equation (3.4.3) assumes that the plate is located in a medium
with intrinsic impedance η. The current on the plate can therefore be approx-
imated, using (3.4.1), by
JS ≈ −2zˆ × (Eθθˆ0 − Eφφˆ0)e
−jk·r
η
(3.4.4)
where the vectors and products are deﬁned by
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r′ = position vector for a point(x′, y′, z′)on the surface = xˆx′ + yˆx′
(3.4.5)
−kˆi = xˆ sin θ cosφ+ yˆ sin θ sinφ+ zˆ cos θ (3.4.6)
−ki · r = k(x′ sin θ cosφ+ y′ sin θ sinφ) (3.4.7)
zˆ × θˆ = −xˆ cos θ sinφ+ yˆ cos θ cosφ (3.4.8)
zˆ × φˆ = −xˆ cosφ− yˆ sinφ. (3.4.9)
Using the equations (3.4.5)-(3.4.9) in (3.4.4), the approximation for the current
can be written as
JS ≈ −2e
jkh
η
[xˆ(Eθ cosφ− Eφ cos θ sinφ) + yˆ(Eθ sinφ+ Eφ cos θ cosφ)],
(3.4.10)
where the quantity h = x′ sin θ cosφ + y′ sin θ sinφ. (3.4.10) can now be used
as the approximate surface current on the rectangular plate S.
3.4.2 Application of the PO
The PO is illustrated using a perfectly conducting plate of with side λ. For
this formulation, the RWG functions are used to calculate the PO since this is
just a projection of the incident magnetic ﬁeld onto the RWG basis functions.
The mesh resolution is set to λ/10 for each triangular edge length. Figure 3.8
illustrates the currents on the plate for a normally incident plane wave, com-
pared with a reference result from FEKO. Again, good agreement is observed
between the PO currents and the reference solution. It must be noted, how-
ever, that the diﬀerence between the current results at the edges of the plate
is due to the zero normla component of current in this formulation. In the
reference result, the normal component of current is assumed not to be zero
for the PO to be valid in this region. Physically, this is an approximation and
is incorrect as the normal component of the current will be zero here. The
eﬀect of these currents is noticeable in the scattering cross section result of
Figure 3.9.
The diﬀerence in the scattered ﬁeld result between this PO implementation
and the reference solution is as a result of the plate edge currents. To minimise
the eﬀect of these currents, the mesh resolution is increased to λ/40 and the
result is illustrated in Figure 3.10. This result illustrates that this formulation
converges towards the reference result as the eﬀect of the edge currents is
minimised.
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Figure 3.8: Current density on λ square plate0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 POReference
Figure 3.9: Monostatic RCS for PO on λ square plate
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Figure 3.10: Eﬀect of minimised edge current eﬀects on monostatic RCS
3.5 Conclusion
In this chapter, the electric ﬁeld integral equation application of the Method of
Moments and the Physical Optics were presented. The Method of Moments,
although providing a rigorous full wave solution for EM scattering applications,
demands an increase in computer memory in the order of n2 with an increase in
the electrical size of the problem. The Physical Optics provides an approximate
solution for electrically large problems. This method works well when the size
of the object is much bigger than the wavelength. The PO currents in the
current formulation are set to zero normal to the boundaries of edge geometries,
this results in discrepancies between the scattered ﬁeld and requires that the
edge current eﬀects be minimised.
In the following chapter, the development of the Method of Moments/Physical
Optics hybrid is presented in the context of ﬁnding solutions for electrically
large problems.
Stellenbosch University   http://scholar.sun.ac.za
Chapter 4
Hybrid Technique Development
4.1 Introduction
In the previous chapter, the mathematical development of the Method of Mo-
ments and Physical Optics were presented. In this chapter, the development of
the hybrid Method of Moments/Physical Optics (MoM/PO) technique is pre-
sented. A comparison of the performance of the Method of Moments and Phys-
ical Optics is presented, followed by the hybridisation of the two techniques.
Finally, a modiﬁcation to this hybridised MoM/PO method, that allows the
use of large triangular mesh elements in the PO region, is presented.
4.2 Comparison between the MoM and PO
Although the MoM is a numerically rigorous method, it can be computationally
costly for electrically large scatterers. In comparison, the PO works well for
electrically large problems at the expense of numerical accuracy. The MoM
computational requirements are in the order O(N2) for storage of the matrix
entries and O(N3) for the solution, where N is the number of unknowns. N is
directly related to the size of the scatterer and a density of 50-200 unknowns
per square wavelength of the surface area is widely used.
For Radar Cross Section (RCS) analysis, electrically large scatterers are
often encountered due to the high operating frequencies of some radar systems.
Thus, use of the MoM can be computationally costly when analysing some
radar targets. The PO is well suited to these types of problems but cannot
model complex detail.
The following example serves to illustrate the computational cost and accu-
racy of the MoM and PO. EM phenomenon that is exhibited by radar targets
includes diﬀraction, refraction, creeping waves and travelling waves. The mis-
sile model in Figure 4.1 is an example of such a target. Missiles often have
additional eﬀects such as curvature discontinuity returns, tip diﬀraction, inter-
action echoes and cavity returns [99]. The missile body has a length of 1m with
33
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a spherical cap of 70mm diameter. The front ﬁns of the missile are approxi-
mated with a square plate of side 30mm while the rear ﬁns are approximated
with a square plate of side 50mm.
Figure 4.1: Simplistic missile model in millimetres
For this example, the computational requirements of the MoM and PO are
obtained from the EM modelling and simulation package FEKO. The missile
is simulated at the typical radar X-band frequency of 10GHz. It is simulated
on a 64 bit machine with 2 Intel Xenon X5550 CPUs and 4 hyper threaded
cores. The machine has a 2.67GHz processor and a total of 48GB RAM. It
is found that for this model, the MoM requires a peak memory usage of 222
GB of memory while the PO requires only 560.656 MB. As a result, it was
not possible to complete the simulation for the MoM. Use of the Multilevel
Fast Multipole Method requires 1.275 GB of memory, using the combined
ﬁeld integral equation formulation to achieve faster matrix convergence. The
monostatic scattering result in the plane φ = 0◦ for the PO and MLFMM
result is illustrated in Figure 4.2.
Although the PO does not place stringent memory requirements on the
computer, the PO solution does not account for some of the complex scattering
phenomenon on the missile. In theory, the incident wave on the missile travels
around the spherical cap and should be diﬀracted by the ﬁns along the body of
the missile. This diﬀracted wave at the missile ﬁns will also be re-radiated at
these points. The PO does not account for the coupling between the ﬁns and
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Figure 4.2: Monostatic radar cross section of simple missile model
the body, as seen in the ﬂuctuations of the scattered RCS achieved with the
MLFMM, but treats each as independent objects. Ideally, a rigorous solution of
this problem, such as the solution achieved with the MLFMM, is required with
the computational eﬃciency of the PO. With the use of a hybrid technique,
the complex detail such as the spherical cap of the missile, the missile ﬁns
and immediate surrounding area can be modelled using the MoM and the
remainder of the problem using the PO. This would ensure that complex EM
phenomenon is accounted for by the MoM and a reduction in the number
of MoM unknowns is achieved with the use of the PO. As demonstrated, a
complete evaluation of this problem with the MoM would require the use of a
machine capable of solving problems of this magnitude.
4.3 Hybrid MoM/PO development
The hybrid method development follows the notation in [3]. The hybrid
method aims to decrease the number of unknowns in the Method of Moments.
The advantage of using the PO for hybridisation with the MoM is that, unlike
most asymptotic methods, the PO is current based. This leads to a seamless
hybridisation process between the two techniques.
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Consider the surface in Figure 4.3, the scattering surface is divided into a
MoM region and a PO region. The MoM is applied to small, resonant struc-
tures and near edges whilst the PO can be applied to large smooth surfaces. It
is advisable to assign the MoM and PO region taking into account the physi-
cal properties of the scattering surface in order to allow for an eﬃcient hybrid
method.
MoM region PO region
Figure 4.3: Subdivision of the scattering surface [3]
In the general method of moments, the scattered ﬁelds are due to currents
on surfaces (JMoM) and wires. These currents are expanded according to the
standard method of moments basis functions:
JMoM =
NMoMJ∑
n=1
αn · fn (4.3.1)
where the widely used RWG [2] surface vector basis functions
fn(r) =

ln
2A+n
ρ+n , r in T
+
n
ln
2A−n
ρ−n , r in T
−
n
0, otherwise,
(4.3.2)
are employed. The current along wires in (??) can be expanded according to
triangular basis functions γn. In the PO region, the surface current density
JPO is also expanded according to the basis functions fn in (4.3.2) as
JPO =
NMoMJ +N
PO
J∑
n=NMoMJ +1
γn · fn. (4.3.3)
The fn are the RWG basis functions and the γn are the unknown coeﬃcients.
These NPOJ coeﬃcients are not obtained with the solution of a system of linear
equations as in the MoM. These are obtained through an application of the
PO and the hence, the matrix size remains NMoMJ . For any given surface
subdivided into triangular patches, NJ basis functions are usually required
from the MoM. With this hybrid technique, an arbitrary subset of NMoMJ
selected basis functions can be assigned to the MoM region. The remaining
NPOJ = NJ − NMoMJ basis functions now represent the PO region. Due to
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the fact that the basis functions overlap, there is no sharp boundary between
the MoM and the PO region. This is one advantage of hybridising the two
current methods as this allows for a continuous current ﬂow over the surface
of the scatterer. Compared to the conventional MoM, the size of the matrix is
reduced from NJ to NJ −NPOJ .
In the PO region, the current is given by (using linear operator notation):
JPO(r) = 2δi · nˆ×H i(r)
+
NMoMJ∑
n=1
2αnδJ,n · nˆ×LHJ fn (4.3.4)
The ﬁrst term in (4.3.4) represents the PO current due to the impressed mag-
netic ﬁeld H i, nˆ represents the normal vector on the surface and δi accounts
for shadowing eﬀects. When the observation point on the surface is shadowed
from the incident ﬁeld, δi must be set to zero; else it is set to ±1 depending
on the direction of incidence with respect to the orientation of nˆ.
The second and third terms in (4.3.4) represents the eﬀect of the currents
in the MoM region. A summation takes place over the basis function fn with
coeﬃcient αn. The linear operator LHJ yields the magnetic ﬁeld strength due to
the function fn. The PO current density is again given by the vector product
2nˆ× where δJ,n accounts for shadowing eﬀects on the observation point r in
the PO region with respect to the basis function fn acting as a source.
The formulation (4.3.4) is analogous to the magnetic ﬁeld integral equation
(MFIE) formulation [5]. The ﬁrst term represents the scattered magnetic ﬁeld
as a result of the incident magnetic ﬁeld and the second term represents the
ﬁeld scattered on the surface triangle elements. In this MoM/PO hybrid,
however, the magnetic ﬁeld scattered by triangular elements in the PO region is
ignored. Special treatment of the LHJ fn operator acting on the basis functions
in the MoM region is required in order to evaluate (4.3.4). The evaluation of
this term is derived directly from the evaluation of the MFIE in [100]. The
MFIE is expressed as:
J(r) = 2nˆ×H i(r) + 2nˆ×
∫
J(r′)× [∇′G(r, r′)]dS, (4.3.5)
where J(r′) represents the surface current density, H i the incident magnetic
ﬁeld, nˆ the unit outward normal, G = e−jkR/4piR is the free-space Green's
function with R as the distance between source point r′ and observation point
r and k = 2pi
λ
represents the wave number. Treatment of the LHJ fn operator in
(4.3.4) requires the evaluation of integral on the right of (4.3.5). This integral
is complicated by the presence of the cross product of the Green's function.
The ∇′G(r, r′) can be re-written as
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∇′G(r, r′) =
(
jk +
1
R
)e−jkR
4piR
Rˆ, (4.3.6)
with R = r − r′ and Rˆ = R/R. The simpliﬁcation of this term allows the
scattered magnetic ﬁeld integral to be written as
Hs(r) = − 1
4pi
∫ (
jk +
1
R
)
Rˆ× J(r′)e
−jkR
4piR
dS. (4.3.7)
When the surface current is expanded using the RWG basis functions of (4.3.2),
this integral can be written, considering the contribution from a single triangle,
as
Hi(r) =
1
8piA
Ri
∫
ρi
(1 + jkR)e−jkR
R3
dS. (4.3.8)
This accomplishes the goal of moving the cross product outside of the inte-
gral. This equation also facilitates the extraction of the singular behaviour of
(4.3.8). The i is a reference to the node of the triangle. This integral can be
evaluated using the numerical integration scheme presented in [2]. The inte-
gral is then ﬁrst mapped to simplex coordinates and evaluated using Gaussian
quadrature formulas in [101]. It is noted that when the PO and MoM regions
are separated in the MoM/PO hybrid, singularity evaluation techniques are
not required for the evaluation of this integral since the PO region is always
removed from the MoM region. The potential integrals required for this in-
tegral will always be evaluated with the source point on a MoM triangle and
a ﬁeld point on a PO triangle. In the case that the MoM and PO overlap,
a singularity scheme is required because an MoM element will be suﬃciently
close to a PO element at the MoM/PO boundary. A singularity extraction
scheme is provided in [100] for the interested reader. The MoM/PO hybrid is,
therefore, a special case of general EFIE/MFIE hybridisation.
In (4.3.3), the PO current is expressed in terms of the RWG basis functions
fn. Even though the basis functions fn do not form an orthogonal basis, the
coeﬃcients of the basis functions, γn, can be obtained without solving the
system of linear equations. Consider the two triangular elements in Figure 4.4,
two unit vectors tˆ±n are introduced in the middle of the nth edge at rn =
1
2
(a1,n + a2,n) perpendicular to the nth edge in the plane of triangles T
±
n .
These vectors represent the RWG basis function that is constant normal to
the edge between two triangles. fn has a component of unity across the nth
edge and this component vanishes across edges k with k 6= n, a point rk in the
middle of the kth edge is obtained
fn(rk) · tˆ±k =
{
1 for k = n
0 for k 6= n . (4.3.9)
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0
Figure 4.4: Edge n with adjacent triangles T+n and T
−
n [3]
Multiplying both sides of (4.3.3) with tˆ±k and adding the resulting two equa-
tions leads to
γk =
1
2
(tˆ+k + tˆ
−
k ) · JPO(rk) (4.3.10)
for k = NMoMJ + 1 · · ·NMoMJ +NPOJ . Inserting (4.3.4) into (4.3.10) results in
γk = τi,k +
NMoMJ∑
n=1
αn · τJ,n,k (4.3.11)
where
τi,k = (tˆ
+
k + tˆ
−
k ) · δi · nˆ×H i (4.3.12)
τJ,n,k = (tˆ
+
k + tˆ
−
k ) · δJ,n · nˆ×LHJ fn. (4.3.13)
Using linear operator notation to represent the Method of Moments formula-
tion and an application of the EFIE to the MoM region yields
(LEJ JMoM)tan + (LEJ JPO)tan = −Eitan. (4.3.14)
In (4.3.14), two coupling mechanisms between the MoM and the PO region
are expressed. The magnetic ﬁeld due to the currents in the MoM region
contributes to the PO current via (4.3.4) and the electric ﬁeld radiated by the
PO currents is expressed in (4.3.14). The PO radiated electric ﬁeld is taken
into account when constraining the EFIE boundary condition.
Inserting (4.3.1) and (4.3.3) with n replaced by k and with γk according to
(4.3.11) into (4.3.14) results in
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NMoMJ∑
n=1
αn ·
(LEJ fn)tan + N
MoM
J +N
PO
J∑
k=NMoMJ +1
τJ,n,k · (LEJ fk)tan

= −Eitan −
NMoMJ +N
PO
J∑
k=NMoMJ +1
τi,k · (LEJ fk)tan). (4.3.15)
With the use of appropriate weighting functions, (4.3.15) can be trans-
formed into a system of linear equations for the method of moments coeﬃcients
αn. It is worth noting that in (4.3.15), additional calculations have to take
place for the coupling of the currents between the MoM and the PO region.
The integration is, therefore, time consuming and the O(f 6) dependence of
the MoM is reduced although the PO dependence is still O(f 2).
4.3.1 Application of the hybrid technique
To illustrate this technique, results are obtained for the perfectly conducting
hollow square plate of Figure 4.5 and the two plates of Figure 4.6. The plate
has sides of 5λ and the hollow region is a square of side length 1λ. The region
around the vicinity of the hollow region is modelled according to the MoM
whilst the remainder is modelled according to the PO as illustrated in the
ﬁgure. The MoM region is 1λ in size from the edges of the hollow region.
The monostatic Radar Cross Section (RCS) of the plate is calculated for an
incident ﬁeld that varies from θ0 = 0
◦ to 90◦, in the plane φ0 = 0◦.
MoM
PO
Figure 4.5: Perfectly conducting hollow plate
For the two conducting plates, one plate is modelled using the MoM whilst
the other plate is modelled using the PO. This example is chosen to illustrate
the coupling between the two regions. The MoM plate is made up of sides 2.5λ
whilst the PO plate is made of sides 5λ. The two plates are parallel with the
PO plate lying on the xy-plane and the MoM plate elevated along the z-axis.
The plates are separated by a distance of 4m to ensure that each plate is in the
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far ﬁeld region of the other plate. The monostatic scattering cross section of
the plates is obtained for an incident plane wave that is varied from θ0 = 60
◦
to 120◦, in the plane φ0 = 0◦.
Figure 4.6: Perfectly conducting ﬂat plates
Results for the (RCS) of the plate of Figure 4.5 are presented in Figure 4.7.
The results are compared to those of the MoM and PO obtained using FEKO
for the same setup. There is good agreement between the MoM result and the
hybrid technique expanded according to the RWG basis functions. The number
of basis functions in the simulation is reduced from 7790 for the conventional
method of moments to 2286 for the method of moments region for the hybrid
method. 5504 basis functions are used in the PO region. Ultimately, the
system of linear equations that has to be solved for the MoM is reduced by a
factor of 3. The discrepancy between the MoM and PO result is a result of
the erroneous PO currents around the plate edges. The edge eﬀects around
the plate are not taken into account by the PO.
Figure 4.8 illustrates the monostatic RCS for the two plate setup. Refer-
ence results of the MoM and a hybrid technique implemented in FEKO are
also presented in this ﬁgure. This ﬁgure illustrates there is quite a discrepancy
between the reference MoM and the hybrid solution. The eﬀects of the PO
edge currents on the larger plate are present across the scattered ﬁeld result.
The eﬀect of these currents is noticeable at grazing angles. This error is also
compounded by the singularity handling scheme in this technique. The result-
ing scattered ﬁeld is also not symmetrical because the ﬁeld is ﬁrst incident on
the PO plate and then ﬁnally on the MoM plate.
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Figure 4.8: Monostatic RCS for the two plate setup
4.4 Incorporation of large element PO through
current phase interpolation
The current in the MoM/PO hybrid method is modelled using the RWG ba-
sis functions. For these functions, the surface divergence can be determined
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analytically. These functions are also free of ﬁctitious charges. A drawback of
these functions is the inability to represent any arbitrary linear current distri-
bution on two connected triangles because each base has one vector direction.
The functions also do not model phase and this restricts triangle edge length
size to the widely accepted λ/10 in order to accurately sample phase variations.
For a scatterer with large, smooth surfaces, the PO portion of the hybrid
method can be modelled using large triangular edge elements. This is achieved
by incorporating asymptotic solutions to predict the rapid phase dependence
of the unknown current distribution. This leaves a slowly varying residual
function that can be represented by a coarse density of unknowns. This is
aking to an arbitrary ﬁeld incident on a planar surface, where the phase of
the induced current on the surface can be approximated from the phase of the
incident ﬁeld. For the RWG basis functions, a linear phase term can be added
to the functions following the formulation in [102]. The advantage of this new
linearly-phased RWG (LP-RWG) function is that it allows the dominant phase
variation of the current to be included in the functions; thereby allowing the
use of fewer unknowns to represent the slowly varying residual current. The
phase dependence of this basis function is determined from a combination of
a PO current and the Fourier spectrum of a low frequency MoM solution.
The LP-RWG basis function is deﬁned on a pair of adjacent triangular
faces T±n , using the same notation as in [2], as
f(n) =

Λ+n (r)e
−jkn·(ρ+n−ρ+nc), r in T+n
Λ−n (r)e
−jkn·(ρ−n−ρ−nc), r in T−n
0, otherwise,
(4.4.1)
where Λ±n are the normal RWG vector basis functions given by
Λ±n (r) =

ln
2A+n
ρ+n , r in T
+
n
ln
2A−n
ρ−n , r in T
−
n
0, otherwise.
(4.4.2)
The geometrical parameters of this new basis function, f(n) are illustrated
in Figure 4.9. ln represents the length of the common edge, A
±
n the area of the
triangles T±n , ρ
±
n is the vector from the free vertex of triangles T
±
n to points
r on the triangles and ρ±nc is the vector from the free vertex to the mid-point
of the common edge. The vector k is the vector wave number associated with
the current density phase on the function. Since the additional term on RWG
functions is an approximate function for the phase of the current induced by
the incident ﬁeld, the direction of k must be chosen to be in the direction of
current ﬂow. In this particular instance, this is in the dirction of the incident
ﬁeld i.e. perpendicular to the free edge between two triangles directed from
the positive triangle to the negative triangle.
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Edge 2E
dge
 1
Edge 3
Figure 4.9: The LP-RWG basis function on a common edge between triangles T+n
and T−n
The ﬁrst term in the LP-RWG basis function is the conventional RWG
basis function. This function provides a linear distribution for the current and
also represents its polarisation. The exponential term provides a progressive
linear variation of the current density, given by the vector wave number kn.
This term assumes the current is modelled by a function in space and the
phase of the current is sampled at equal intervals.
The divergence of the basis function, which is also proportional to the
surface charge density distribution, is given by
∇s · f(n) =

lne−jkn·(ρ
+
n−ρ+nc)
A+n
(1− j kn·ρ+n
2
), r in T+n
lne−jkn·(ρ
−
n−ρ−nc)
A−n
(1− j k	n·ρ
−
n
2
), r in T−n
0, otherwise.
(4.4.3)
The LP-RWG basis function maintains the desirables properties of the orig-
inal RWG basis function. The current is continuous across the edge connecting
two triangles and the net charge associated with the function is zero. The ad-
ditional linear phase term added to the RWG function only ensures that the
phase of the current is sampled at regular intervals and hence the physical
properties of the RWG function are not changed. This eﬀectively ensures the
fulﬁlment of the continuity equation without the presence of line charges.
4.4.1 The use of LP-RWG functions in the MoM/PO
hybrid
In order to make use of the advantages oﬀered by the LP-RWG basis func-
tion, it is incorporated into the MoM/PO hybrid method presented earlier in
section 4.3. For large, smooth regions of the surface S, the current shall be
expanded according to the LP-RWG basis functions in order to allow the use
of larger triangular elements. The surface, S, can be divided into a MoM re-
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gion where the current is modelled according to the ordinary RWG functions
(4.3.2). The rest of S is modelled according to the PO.
In the portions of S that are modelled with the PO, the surface is further
subdivided into a portion that is modelled with the ordinary RWG functions
(RWG-PO) in (4.3.2) and a portion modelled with the LP-RWG functions
(LP-RWG-PO) in (4.4.1). The subdivision of the PO region ensures a gradual
transition between the MoM and the PO region. This, in turn, ensures the
continuity of current for neighbouring triangular elements close to the MoM
region. In the region surrounding the MoM, the current is modelled with
the RWG-PO functions and the LP-RWG-PO functions are used further from
this region. The size of triangular mesh elements will increase with increasing
distance from the MoM region. Following the notation in [63], the RWG-
PO region is designated PO1 and the LP-RWG-PO region is designated PO2.
This procedure reduces the amount of unknowns that are usually required for
the PO region, eﬀectively extending the class of problems the hybrid can be
applied to.
In the LP-RWG-PO region, the current is modelled by substituting (4.4.1)
into (4.3.3), as
JPO =
NPO2tot∑
n=1
γn · fne−jkn·(ρ±n−ρ±nc), (4.4.4)
where NPO2tot is the number of the degrees of freedom, free common edges be-
tween two triangles, in the PO2 region. Due to the fact that larger elements are
employed in the PO2 region, the sampled current phase will be approximately
continuous. In the PO2 region, the current will now be
JPO2(r) = 2δi · nˆ×H i(r)
+
NMoMJ∑
n=1
2αnδJ,n · nˆ×LHJ fn, (4.4.5)
where the ﬁrst term represents the PO current due to the incident ﬁeld and
the second term represents the PO current due to the currents in the MoM
region. For the PO1 region, the current is given by (4.3.4). The coeﬃcients δi,
δJ,n account for shadowing eﬀects.
Using the same procedure as in section 4.3, the PO2 coeﬃcients are deter-
mined without solving a system of linear equations. The two unit vectors tˆ±n
are introduced in the PO2 region at the middle of the nth edge. These unit
vectors are again perpendicular to the nth edge and lie in the plane of the
triangles T±n . The direction of the unit vectors is chosen in accordance with
that of the current. Due to the similarity of the LP-RWG function to the RWG
function, fne
−jkn·(ρ±n−ρ±nc) will now have a normal component of unity across
the nth edge that vanishes across edges a in the PO2 region as
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fne
−jkn·(ρ±n−ρ±nc)(rk) · tˆ±k =
{
1 for a = n
0 for a 6= n , (4.4.6)
multiplying both sides of (4.4.5) with tˆ±a results in (4.3.10), for k replaced by
a. The unknown coeﬃcients in the PO2 region can now be obtained with the
use of (4.3.11). Applying the surface EFIE to the MoM region will now result
in
(LEJ JMoM)tan + (LEJ JPO1)tan + (LEJ JPO2)tan = −Eitan. (4.4.7)
In this new equation, four diﬀerent coupling mechanisms can be found. The
currents in the MoM region contribute to the currents in the PO1 and PO2
regions. The currents in the PO1 and PO2 regions similarly contribute to the
currents in the MoM region through the potential integrals. The advantage of
this new hybrid MoM/PO is that the number of unknowns is further reduced
by the employment of large triangular elements in the PO region. The solution
of the unknowns in the MoM region are now obtained through the closed form
equation
NMoMJ∑
n=1
αn ·
[
(LEJ fn)tan +
NMoMJ +N
PO1
J∑
k=NMoMJ +1
τJ,n,k · (LEJ fk)tan
+
NMoMJ +N
PO2
J∑
a=NMoMJ +1
τJ,n,a · (LEJ fae−jka·(ρ
±
a −ρ±ac))tan
]
= −Eitan −
NMoMJ +N
PO1
J∑
k=NMoMJ +1
τi,k · (LEJ fk)tan
−
NMoMJ +N
PO2
J∑
k=NMoMJ +1
τi,a · (LEJ fae−jka·(ρ
±
a −ρ±ac))tan. (4.4.8)
By applying the appropriate weighting functions, the unknown MoM coef-
ﬁcients can be solved with a system of matrix equations. The coeﬃcients of
the PO region can then be obtained via a straightforward substitution of the
MoM coeﬃcients. This eﬃcient hybrid method allows the application of the
MoM/PO hybrid to electrically very large problems due to the removal of the
requirement to mesh the PO region at λ/10.
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4.5 Conclusion
In this chapter, the hybrid MoM/PO was introduced and extended to allow
the use of large triangular mesh elements. The MoM/PO hybrid allows a
reduction in the size of unknowns that are required for the solution of a system
of linear equations in the MoM. The MoM/PO hybrid requires the use of the
conventional λ/10 triangular mesh elements to sample the phase of the current.
The MoM/PO hybrid was extended by incorporating a linear phase term
into the conventional RWG basis functions. The improved hybrid allows the
use of larger triangular elements, reducing the requirement for high meshing
resolution.
In the following chapter, numerical results are presented for the improved
hybrid MoM/PO method.
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Numerical Results
5.1 Introduction
In the previous chapter, an improved hybrid MoM/PO method was presented.
This was developed by including a linear phase term, in the standard RWG
basis function, to sample the current. This new technique allows the incorpo-
ration of large triangular elements into the MoM/PO hybrid.
In this chapter, numerical results are presented for the improved MoM/PO
hybrid for selected geometries under plane wave illumination. The aim of
this chapter is to illustrate the eﬃciency and accuracy of the improved hybrid
technique. As a result, three geometries are to be considered in this chapter;
a conducting ﬂat plate, a conducting plate with a cavity and a dihedral corner
reﬂector. The ﬂat plate is chosen to exhibit edge diﬀraction, the ﬂat with the
cavity is chosen as a problem that contains some complex geometry elements
and the dihedral corner reﬂector demonstrates the coupling calculation of the
hybrid. For all the results considered in this section, reference solutions are
simulated using FEKO. Monostatic RCS results are presented for all the test
cases for a scan of the incident wave from θ0 = 0
◦ to θ0 = 90◦, with a ﬁxed
φ0 = 0
◦.
5.2 Flat plate
The ﬁrst example considered for this work is the perfectly conducting ﬂat
plate in Figure 5.1. The largest mesh element of the plate is varied in order
to evaluate the eﬀectiveness of the improved hybrid technique. This results
in three mesh setups for the ﬂat plate. Square plates of lengths 5λ and 10λ,
respectively, are considered.
48
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Figure 5.1: Perfectly conducting 5λ× 5λ ﬂat plate
5.2.1 5λ Flat plate
The surface current density distribution on the plate in Figure 5.2 for a nor-
mally incident plane wave is shown in Figure 5.3 for both the improved hybrid
and the normal hybrid technique.
Figure 5.2: Perfectly conducting 5λ×5λ ﬂat plate with λ/10 triangular mesh edge
length
The uniform triangular mesh elements on the plate have a anedge length of
λ/10. For both hybrid techniques, the MoM region is set to a size of 1λ from the
edges of the plate. At the edges of the plate, the incident ﬁeld will experience
diﬀraction and the PO formulation does not account for this phenomenon. In
the improved hybrid technique, the PO1 region is set to size of λ/2 from the
edge of the MoM region. The current on the remaining portion, PO2, of the
plate is modelled using the LP-RWG functions.
Figure 5.3 illustrates good agreement between the improved hybrid and
normal hybrid currents. The slight variations in current between the two tech-
niques can be attributed to the integration scheme used with the linear phase
term in the improved hybrid. The integration scheme used in this technique is
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Figure 5.3: Surface current density distribution on 5λ ﬂat plate
the simple scheme implemented in [2]. For the improved hybrid, the new in-
tegral contains the phase term which is eﬀectively multiplied with the Green's
function to results in a modiﬁed Green's function.
At the edges of the plate, treated with the MoM, charge accumulates and
the normal component of current is zero. On the boundary between the MoM
and the PO, charges from the MoM region appear to accumulate on the bound-
ary. This eﬀect is not present in the boundary between the PO regions in the
improved hybrid. The use of RWG basis functions ensures that the normal
component of current is continuous across this boundary. The tangential com-
ponent of current is, however, not continuous at either side of this boundary
and the magnitude of the current on triangles lying on each side of this bound-
ary is not uniform. The sinusoidal variation of the current is not present in the
region treated with the PO as in the region treated with the MoM. It is noted
that the PO is an approximate technique and results in an average current
value over a mesh element. The variations on the current in the MoM region
are due to the mutual interactions between all elements in the MoM.
The Radar Cross Section (RCS) of the plate is considered for both uniform
and non-uniform triangular mesh elements on the plate. For all conﬁgura-
tions, the minimum triangular edge length on the plate is λ/10 over the MoM
region. The RCS for the uniform mesh in Figure 5.2 with a triangular edge
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length set at λ/10 is illustrated in Figure 5.4. Good agreement is observed0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 Improved HybridMoM/PO HybridReference FMM
Figure 5.4: Monostatic radar cross section of 5λ plate with λ/10 largest triangular
edge length
between the reference MoM solution and the dominant component of the RCS
for both the MoM/PO and the improved hybrid. The results of both the
MoM/PO and improved hybrid diﬀer from the reference MoM solution away
from normal incidence. The lobes of the scattering pattern, for both hybrid
techniques, occur at diﬀerent angles in comparison to the reference solution.
These misplaced lobes are a result of the incorrect current values between the
MoM and PO regions. The PO portion of the hybrid is also incorrect away
from normal incidence. The diﬀerence in result between the improved hybrid
and the MoM/PO hybrid can be attributed to the integration scheme of the
new linear phase RWG element.
Characteristics of the two techniques are summarised in Table 5.1. The
conventional MoM and the hybrid MoM/PO require the use of 7251 RWG
basis functions on the surface of the ﬂat plate. The improved MoM/PO hybrid
only requires the use of 5664 RWG basis functions (MoM and PO1), a 20%
reduction in the use of RWG functions. This shows the reduction in mesh
storage that can be achieved with the use of hybrid techniques. This can be
particularly valuable for very large geometries.
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Table 5.1: Unknowns and cost for uniform λ/10 triangular edge length mesh
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 7251   420
MoM/PO 4338 2913  301
Improved MoM/PO 4338 1326 1587 301
The RCS of the non-uniform mesh of the plate in Figure 5.5, with largest
triangular mesh edge length λ/6, is illustrated in Figure 5.6. The MoM region
is again set at the outer edges of the plate. In the PO region, the mesh is
gradually increased in size.
Figure 5.5: Perfectly conducting 5λ×5λ ﬂat plate with λ/6 largest triangular edge
length
Good agreement is observed between the reference MoM solution and both
hybrid techniques for the dominant component, as expected. It is noted, how-
ever, that the error between the reference result and both hybrid techniques
increases away from normal incidence. For the RWG function, the phase is as-
sumed to be constant and therefore the phase is more accurately modelled with
smaller mesh elements. As the mesh size is increased, the phase is no longer
modelled correctly. This is worse at angles away from normal incidence because
the phase of the current is no longer continuous over the plate. For the im-
proved hybrid, the phase is modelled incorrectly away from normal incidence.
This suggests that the phase of the current between two adjacent elements is
not continuous. As the plate is rotated, the phase of the current varies con-
siderably and more integration points are required to approximate the phase
integral correctly. For these simulations, a six point Gaussain quadrature
scheme is used. To approximate the phase corretly then, ﬁner elements or
more accurate integration schemes are required as the plate is rotated.
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Figure 5.6: Monostatic radar cross section of 5λ plate with λ/6 largest triangular
edge length
Characteristics of the two techniques are summarised in Table 5.2. The
conventional MoM requires the use of 7577 RWG functions, the MoM/PO
7577 RWG functions, and the improved MoM/PO 6482 RWG functions. This
translates to a 14% reduction in RWG functions. Note that the non-uniform
mesh in Figure 5.5, however, has more elements than the mesh in Figure 5.2.
This suggests eﬃcient mesh generation algorithms are required to realise the
full power of the improved hybrid technique.
Table 5.2: Unknowns and cost for non-uniform mesh with λ/6 largest triangular
edge length
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 7577   459
MoM/PO 5206 2371  433
Improved MoM/PO 5206 1276 1095 433
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The RCS of the plate, with a non-uniform mesh, in Figure 5.7 is illustrated
in Figure 5.8. This mesh is generated with the largest triangular edge length
set to λ/2.
Figure 5.7: Perfectly conducting 5λ×5λ ﬂat plate with λ/2 largest triangular edge
length 0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 Improved HybridMoM/PO HybridReference FMM
Figure 5.8: Monostatic radar cross section of 5λ plate with λ/2 largest triangular
edge length
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Good agreement is observed between the reference MoM solution and both
hybrid techniques for the dominant component of the scattered ﬁeld. Again,
the results of the hybrid techniques, however, degrade considerably as the
largest triangular edge length is increased. The increase in the scattered ﬁeld
away from normal incidence for the improved technique shows that the ap-
proximated phase is no longer valid.
Characteristics of the two techniques are illustrated in Table 5.3. The con-
ventional MoM and the hybrid MoM/PO require 5417 RWG functions while
the improved hybrid method requires 4889 RWG basis functions. This trans-
lates to a 10% reduction in the number of RWG functions. This table suggests
that the value of the hybrid can be realised in the reduction in the number of
matrix and mesh elements as opposed to the two mesh conﬁgurations already
presented for this setup. This advantage, however, needs to be considered
against the loss in accuracy of the hybrid.
Table 5.3: Unknowns and cost for non-uniform mesh with λ/2 largest triangular
edge length
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 5417   234
MoM/PO 4080 1337  133
Improved MoM/PO 4080 819 518 133
Figure 5.9 and Figure 5.10 illustrate the accuracy of the the presented mesh
resolutions for the improved hybrid and normal hybrid respectively. Figure 5.9
illustrates that the accuracy of the improved hybrid varies considerably. Away
from normal incidence, the true phase of the current is sampled incorrectly.
The phase between two triangular elements is not continuous. This is due
to the approximate integration scheme used in this technique. The six point
Gaussian scheme is used as the plate is rotated. Also, the PO currents are
invalid for angles away from normal incidence. Figure 5.10 illustrates the
phase of the current is also sampled incorrectly with the RWG functions as
the mesh of the largest triangular element is increased. These images suggest
that both hybrid techniques are valid up to 15◦ away from normal incidence.
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Figure 5.9: Monostatic radar cross section accuracy for linear phase formulation0 10 20 30 40 50 60 70 80 90-30-20-100102030 Referenceλ/10 meshλ/6 meshλ/2 mesh
Figure 5.10: Monostatic radar cross section accuracy for hybrid formulation
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5.2.2 10λ Flat plate
The lengths of the sides of the square ﬂat plate are increased to 10λ. In all the
cases considered, the MoM region is set to λ/2 from the edges of the ﬂat plate.
For all simulations conducted with the improved hybrid, the PO2 region is set
to a size of λ from the MoM region.
Figure 5.11: Perfectly conducting 10λ× 10λ ﬂat plate with λ/10 triangular mesh
edge length
The RCS of the plate in Figure 5.11, with uniform mesh of triangular edge
length λ/10, is shown in Figure 5.12. Good agreement is observed between
the reference MoM solution and the dominant component of the RCS for both
the MoM/PO and the improved hybrid. Again, the scattered ﬁeld of both the
MoM/PO and improved hybrid diﬀer from the reference MoM solution away
from normal incidence. The PO current approximation away from normal
incident improves in contrast to the 5λ example presented previously as a
result of the increase in accuracy of the PO with increasing electrical size.
At grazing angles, there is noticeable diﬀerence in the scattered ﬁeld between
the improved hybrid and the normal hybrid. The improved hybrid performs
poorly at these incident angles.
Characteristics of the two techniques are summarised in Table 5.4. The
conventional MoM and the hybrid MoM/PO require the use of 29800 RWG
basis functions on the surface of the ﬂat plate. The improved MoM/PO hybrid
only requires the use of 13664 RWG basis functions. This improved technique
requires 54% less RWG functions than the original hybrid.
The RCS of the plate in Figure 5.13, with largest triangular mesh edge
length λ/6, is illustrated in Figure 5.14 for both the hybrid and the improved
hybrid method. Good agreement is observed between the reference MoM so-
lution and the improved hybrid for the dominant component of scattering.
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Figure 5.12: Monostatic radar cross section of 10λ plate with λ/10 largest trian-
gular edge length
Table 5.4: Unknowns and cost for uniform λ/10 triangular edge length mesh
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 29800   7.10×103
MoM/PO 4592 25208  337
Improved MoM/PO 4592 9072 16136 337
The accuracy of the results degrades away from normal incidence as a result
of the PO, as expected. Also, as the mesh elements are increased, the phase
of the current in the MoM/PO hybrid is sampled erroneously. The phase of
the current in the linear phase basis functions is also sampled incorrectly at
angles away from normal incidence. This is a result of the integration schemes
used in this formulation. The integral is overestimated in this case.
Characteristics of the two techniques are summarised in Table 5.5. The
conventional MoM and the hybrid MoM/PO require the use of 23065 RWG
functions. The improved MoM/PO makes use of 14474 RWG functions, 63%
of the conventional MoM.
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Figure 5.13: Perfectly conducting 10λ× 10λ ﬂat plate with λ/6 largest triangular
edge length0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 Improved HybridMoM/PO HybridReference FMM
Figure 5.14: Monostatic radar cross section of 10λ plate with λ/6 largest triangular
edge length
The RCS of the plate in Figure 5.15, with largest mesh edge length λ/2,
is illustrated in Figure 5.16. The non-uniform mesh is generated with all the
PO elements away from the MoM region on the edges of the plate.
The ﬁgure illustrates that good agreement is observed between the reference
MoM solution and the improved hybrid technique for the dominant compo-
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Table 5.5: Unknowns and cost for non-uniform mesh with λ/6 largest triangular
edge length
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 23065   4.25×103
MoM/PO 5961 17104  568
Improved MoM/PO 5961 8513 8591 568
Figure 5.15: Perfectly conducting 10λ× 10λ ﬂat plate with λ/2 largest triangular
edge length
nent of the scattered ﬁeld. Again, away from normal incidence the improved
hybrid is seen to overestimate the scattered ﬁeld. At this mesh resolution,
the approximated scattered ﬁeld becomes invalid as the phase of the current
is no longer approximated correctly. This eﬀect, coupled with the integration
scheme in this technique, accounts for the poor performance of the improved
hybrid for this setup. The results for the hybrid MoM/PO also degrade away
from normal incidence.
Characteristics of the two techniques are summarised in Table 5.6. The
conventional MoM and hybrid MoM/PO require the use of 16327 RWG func-
tions whilst the improved hybrid reduces these functions by 23% to 12514.
The computational mesh storage requirements are drastically reduced with
this non-uniform mesh. In comparison to the λ/10 largest mesh element setup,
this formulation is more eﬃcient for an approximate answer to the EM solution
of the plate.
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Figure 5.16: Monostatic radar cross section of 10λ plate with λ/2 largest triangular
edge length
Table 5.6: Unknowns and cost for non-uniform mesh with λ/2 largest triangular
edge length
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 16327   2.13×103
MoM/PO 5987 10340  573
Improved MoM/PO 5987 6527 3813 573
The accuracy of the hybrid techniques for the 10λ plate is illustrated in
Figure 5.17 and Figure 5.18 for the improved hybrid and original hybrid tech-
nique. There is a lot of variation in the improved hybrid results oﬀ normal
incidence as a result of the incorrect phase of the current. In comparison to
the results for the 5λ plate, the improvement in accuracy of the PO can be
seen as the frequency of the incident ﬁeld is increased.
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Figure 5.17: Monostatic radar cross section accuracy for linear phase formulation0 10 20 30 40 50 60 70 80 90-30-20-100102030 Referenceλ/10 meshλ/6 meshλ/2 mesh
Figure 5.18: Monostatic radar cross section accuracy for hybrid formulation
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5.2.3 Summary
Good agreement is achieved for the dominant component of the scattered ﬁeld
using both the hybrid MoM/PO and the improved hybrid. Continuity of the
tangential component of current on the boundary between the MoM and PO
region is not enforced. This results in diﬀering current values on opposite sides
of this boundary. The magnitude of the observed scattered ﬁeld away from
normal incidence is aﬀected by this current on the boundary and distorts the
location of the lobes of the scattered ﬁeld. This is also aﬀected by the fact
that the PO formulation is inherently inaccurate for angles away from normal
incidence. The inaccurate result improves as the frequency of the incident ﬁeld
is increased.
The hybrid techniques also demonstrate that as the largest edge length
of a triangular element is increased in the mesh, the phase of the current is
sampled incorrectly. This is compounded by the integration schemes used in
the improved hybrid formulation.
The memory required for the storage of the mesh, and by and large com-
putational time is reduced by the hybrid techniques. Memory requirements
are reduced due to fewer MoM matrix elements required by both hybrid tech-
niques. This reduction, in eﬀect, reduces the computational time that any
given simulation would take to ﬁll the MoM matrix. It is noted, however, that
additional calculations are required with the use of the hybrid and in some
situations it may be that the hybrid requires more time than the MoM formu-
lation, for example small geometries. The additional calculations in the hybrid
occur as a result of (4.3.15).
The number of unknowns can be signiﬁcantly reduced, depending on the
construction of the mesh. This is demonstrated by the 5λ ﬂat plate with largest
triangular mesh edge set to λ/2. The improved hybrid in this case requires
the use of 4080 unknowns in the MoM matrix in comparison with the original
MoM/PO hybrid which requires the use of 4338 unknowns. It is also shown
that the opposite can occur, when increased unknowns are required for the
improved hybrid. Eﬃcient mesh generation algorithms, complemented with
the improved hybrid, will lead to eﬃcient use of the improved hybrid.
5.3 Flat plate with cavity
The ﬂat plate with a cavity, illustrated in Figure 5.19, is considered in this
section. The ﬂat plate has dimensions 10λ × 10λ. The cavity is cubic with
dimensions 1λ × 1λ × 0.5λ. This example adds complexity to the ﬂat plate
simulated in the previous section. Within the cavity, the incident wave will
experience multiple bounces and this eﬀect cannot be solved with the pure PO.
This example is chosen to demonstrate a complex, electrically small problem
(cavity) within an electrically large area (plate).
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MoM
PO
MoM
Figure 5.19: Perfectly conducting 10λ× 10λ plate with cavity
The PO is not suited to obtaining the solution for this problem. The
PO will not account for both multiple bounces within the cavity and edge
diﬀraction eﬀects on the plate. The currents within the cavity and on the
planar region in the immediate vicinity of the cavity can be modelled with the
MoM. The currents on the edges of the plate are also modelled with the MoM
whilst the currents on the remaining planar area of the plate are modelled with
the PO. Two MoM regions are deﬁned for this problem; the ﬁrst at λ/2 from
the edges of the cavity and the second at λ/2 from the edges of the plate as
shown in Figure 5.19. This now results in two boundaries between the MoM
and PO where there will be a slight jump in the current density. For all the
improved hybrid simulations, the PO1 region is set at 1λ from the MoM region.
Scattering solutions for the plate with the cavity are obtained for diﬀering
meshes. Both the uniform and non-uniform mesh sizes that were generated
for the ﬂat plate in the previous section are used. The meshes generated for
this setup vary from a uniform mesh with triangular edge length λ/10 to non-
uniform meshes with largest triangular edge length λ/6 and λ/2 respectively.
The plate of uniform mesh with triangular edge length λ/10 is shown in
Figure 5.20. The RCS of the plate is illustrated in Figure 5.21 using both the
hybrid MoM/PO and the improved hybrid technique.
Reasonable agreement is observed for the main lobe of the reference solu-
tion and both hybrid techniques. This agreement degrades away from normal
incidence. As the incident ﬁeld is rotated through θ0, better convergence is
now noted between both the original hybrid and the improved hybrid. It is
also noted that there are now two boundaries between the MoM and the PO
region; the eﬀect of which is noticeable in the displacement of the maxima and
minima values of the scattered ﬁeld in comparison to the reference solution.
Characteristics of the hybrid techniques are summarised in Table 5.7. The
Stellenbosch University   http://scholar.sun.ac.za
CHAPTER 5. NUMERICAL RESULTS 65
Figure 5.20: Mesh for perfectly conducting 10λ× 10λ plate with cavity0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 Improved HybridMoM/PO HybridReference FMM
Figure 5.21: Monostatic radar cross section of 10λ plate with λ/10 largest trian-
gular edge length
conventional MoM and hybrid MoM/PO require the use of 35449 RWG func-
tions whilst the improved hybrid reduces these functions by 31% to 24497.
Note that this problem results in a large number of unknowns due to the
cavity. Nonetheless, the hybrid techniques are more memory eﬃcient in the
solution of this problem.
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Table 5.7: Unknowns and cost for uniform λ/10 triangular edge length mesh
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 35449   10.05×103
MoM/PO 10073 25376  1.62×103
Improved MoM/PO 10073 14424 10952 1.62×103
The non-uniform mesh of Figure 5.22 with largest triangular edge length
λ/6 is simulated. In comparison to Figure 5.20, only the top view of the plate
is displayed to illustrate the mesh elements in the PO region. The RCS of the
plate is illustrated in Figure 5.23. Good agreement is observed between the
main lobe of the reference solution and the improved hybrid technique. The
ﬁrst null of the scattered ﬁeld in the hybrid techniques does not occur at the
same point as the reference solution due to the additional boundary between
the MoM and PO solutions now present. The combination of incorrect current
phase eﬀects and poor PO results is observed away from normal incidence. In
addition, the hybrid MoM/PO results degrade as the largest mesh element is
increased in size due to inaccurate current phase sampling.
Figure 5.22: Mesh for perfectly conducting 10λ× 10λ plate with cavity, using λ/6
largest triangular edge length
Characteristics of the techniques are summarised in Table 5.8. The con-
ventional MoM and hybrid MoM/PO require the use of 20194 RWG functions
whilst the improved hybrid reduces these functions by 25% to 15210. The
number of unknowns is reduced as the largest mesh element is increased in
comparison to the previous example. The memory required for storage of the
matrix is also reduced considerably.
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Figure 5.23: Monostatic radar cross section of 10λ plate with λ/6 largest triangular
edge length
Table 5.8: Unknowns and cost for non-uniform mesh with λ/6 largest triangular
edge length mesh
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 20194   3.26×103
MoM/PO 7560 12634  914
Improved MoM/PO 7560 7650 4984 914
The ﬁnal example considered is the plate with largest triangular mesh edge
element set to λ/2, illustrated in Figure 5.24.
The RCS of the plate is illustrated in Figure 5.25. Again, the eﬀect of the
additional MoM/PO boundary is observed at the ﬁrst null in the scattered
ﬁeld result. Nonetheless, good agreement is again observed for the dominant
component of the scattered ﬁeld. The scattered ﬁeld results appear to degrade
due to the increase in the mesh elements. Poor agreement is again noticeable
at all angles away from normal incidence. At grazing incidence, the normal
hybrid technique is very poorly behaved because the PO current calculation
is incorrect. This suggests the linear phase term samples the current more
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Figure 5.24: Mesh for perfectly conducting 10λ× 10λ plate with cavity, using λ/2
largest triangular edge length
accurately at these angles for this particular setup.0 10 20 30 40 50 60 70 80 90-50-40-30-20-1001020304050 Improved HybridMoM/PO HybridReference FMM
Figure 5.25: Monostatic radar cross section of 10λ plate with λ/2 largest triangular
edge length
Characteristics of the techniques are summarised in Table 5.9. The con-
ventional MoM and hybrid MoM/PO require the use of 13963 RWG functions
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whilst the improved hybrid reduces these functions by 8% to 12848. The num-
ber of unknowns is further reduced due to the increase in the largest mesh
element. This is not a large reduction in the number of RWG elements, in
comparison to the previous example. Nonetheless, this demonstrates that an
eﬃciently generated mesh will use less RWG elements.
Table 5.9: Unknowns and cost for non-uniform mesh with λ/2 largest triangular
edge length mesh
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 13963   3.26×103
MoM/PO 7108 6855  914
Improved MoM/PO 7108 5740 1115 914
5.3.1 Summary
This example demonstrates the ability of the improved hybrid method to solve
electrically large problems with small complex detail. It must be noted, how-
ever, that the planar surface region that is modelled with the PO can be
extended. The extent to which the dimensions of the plate can be increased
is dependent on the computational resources available to process the MoM
and PO data. In this example, the MoM is large due to the number of edges
contained in the cavity. This example can be easily increased to become very
large whilst still utilising the eﬃciency of the improved hybrid technique.
It is also seen that the additional MoM/PO boundary has an adverse eﬀect
on the scattered ﬁeld. This results in incorrect lobing patterns in the scattered
ﬁeld even within the dominant component of the scattered ﬁeld. Additionally,
the eﬀects of the incorrect PO current phase on the normal RWG element is
noticeable at grazing incidence.
The improved hybrid does reduce memory requirements considerably. To
take advantage of the improved hybrid, the mesh with largest triangular el-
ement can be used due to the memory saving of the mesh. However, the
accuracy of the desired result must be taken into account when considering
this route.
5.4 Dihedral Corner Reﬂector
The last example considered is the dihedral corner reﬂector of Figure 5.26.
The corner reﬂector is built up of two square ﬂat plates, each of side length
2.5λ. In this example, coupling eﬀects between the two plates of the dihedral
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are investigated. In the previous examples, the PO region was in the shadow
of the MoM region and this simpliﬁed the coupling calculation of the hybrid
method. In this example, however, the PO region is no longer in the shadow
of the MoM region. On one side of the dihedral, the MoM region is chosen
to be along the edges of the plate while the other plate is modelled with the
MoM as illustrated in Figure 5.26.
Figure 5.26: 2.5λ× 2.5λ× 2.5λ Dihedral Corner Reﬂector
For the sake of simplicity, a uniform mesh with triangular edge length λ/8
is simulated. This is chosen because the improved hybrid has been proven, in
the previous examples, to produce results within the same level of accuracy
as the original hybrid for a uniform mesh. In this example, the scattered ﬁeld
from the dihedral corner reﬂector is calculated.
The simulated dihedral plate is shown in Figure 5.27. It is noted that for
the scattered ﬁeld calculation, monostatic RCS results are obtained for a scan
of the incident ﬁeld from θ0 = 0
◦ to θ0 = 90◦. At θ0 = 0◦, the ﬁeld illuminates
the MoM plate of the dihedral and as it is scanned, it illuminates both plates.
At θ0 = 90
◦, the ﬁeld illuminates the plate with the MoM/PO region. The
MoM region is designated as the λ/2 away from the edges of the second plate
as in Figure 5.26. The PO1 region is designated to be λ away from the MoM
region for the improved hybrid simulation.
The RCS of the dihedral is illustrated in Figure 5.28. This result shows
that the forward reﬂected ﬁeld in the hybrid techniques is not correct. This
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Figure 5.27: Dihedral Corner Reﬂector with λ/8 uniform mesh
ﬁeld returns to the source out of phase due to grazing incidence on the PO
portion of the second plate. Between θ0 = 10
◦ and θ0 = 80◦, the phase of the
current on the PO portion of the hybrid plate is calculated incorrectly. The PO
currents are also inaccurate at these angles. The integral of the currents is then
underestimated in this region. The eﬀect of the MoM/PO boundary currents
are noticeable when the ﬁeld is incident at normal angles to the MoM/PO
plate in the dihedral. In essence, in the coupled region, the integral of the
surface current is underestimated due to the phase of the incident ﬁeld on the
PO portion of the hybrid.
Characteristics of the techniques are summarised in Table 5.10. The con-
ventional MoM and hybrid MoM/PO requires the use of 3555 RWG functions
whilst the improved hybrid reduces these functions to 3471.
Table 5.10: Unknowns and cost for uniform mesh with λ/8 triangular edge length
Matrix
Method NMoM NPO1 NPO2 Memory(MB)
MoM 3555   169
MoM/PO 2905 650  135
Improved MoM/PO 2917 554 108 136
5.4.1 Summary
The monostatic scattering results of the improved hybrid MoM/PO agree with
those of the main lobe of the reference result. Poor results are observed away
from normal incidence because of the inaccurate PO currents and the incorrect
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Figure 5.28: Monostatic radar cross section of 2.5λ corner reﬂector with λ/8 uni-
form mesh
phase of the incident wave on the PO plate. This is also compounded by the
incorrect PO current approximation at angles away from normal incidence.
The coupling eﬀect between the MoM and PO is also visible, compared to the
reference solution.
The improved hybrid does reduce computational requirements. This is
observed in the reduction of the number of unknowns in the simulation. The
corollary of this is the reduction in the matrix storage and improved run time.
5.5 Conclusion
In this chapter, numerical results were presented for the improved hybrid tech-
nique developed in this work. The improved hybrid was proven to produce
results in agreement with those of the hybrid MoM/PO. The current distri-
bution on the ﬂat plate revealed that the tangential component of current is
not continuous across the MoM/PO boundary. Although the hybrid is more
eﬃcient than a rigid MoM solution, it does require additional calculations in
order to account for the coupling between the MoM and PO regions. The
phase of the current was also observed to be incorrect as the size of the mesh
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size is increased. This applied to both the normal hybrid and the improved
hybrid.
For all the results, a six point Gaussian quadrature scheme was used to
approximate the potential integrals on the surface of the mesh elements. At
normal incidence, the phase of the incident ﬁeld is ﬂat and the integration
scheme suﬃces to approximate the surface current. As the geometry is rotated,
the phase of the incident ﬁeld ﬂuctuates and the integration scheme in use is no
longer suited to approximating the phase. This requires that either ﬁner mesh
elements are used as the geometry is rotated or a more accurate integration
scheme is applied.
The ﬂat plate with the cavity was an example of an electrically large prob-
lem with electrically small complex detail. This example demonstrated the
adverse eﬀects of an additional MoM/PO boundary on the accuracy of the
calculated scattered ﬁeld. This was also compounded by the PO currents that
are inaccurate away from normal incidence due to PO assumptions.
The coupling between the PO and MoM region is accounted for by the im-
proved hybrid technique. The accuracy of the coupling term was also aﬀected
by the phase of the ﬁeld incident on the PO region. For the improved hybrid,
more accurate integration schemes are required to handle the additional phase
term in the RWG function.
To fully realise the power of the improved hybrid, it is important to gener-
ate the mesh such that the number of MoM edges are minimised. Nonetheless,
in all the examples presented in this section the PO2 region represents the
potential of the improved hybrid to present large savings in computation be-
cause it can be increased. When this is the case, however, the accuracy of the
solution degrades considerably.
In the following chapter, concluding remarks for this work are presented.
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Conclusion
6.1 Summary of ﬁndings
The aim of this work was to develop a technique to obtain a general solution
for electrically large problems with complex, electrically small, detail. This
was achieved as follows:
 The current based hybrid methods were identiﬁed as suitable techniques
for the solution of electrically large problems with complex detail in the
literature. The current based hybrids take advantage of the beneﬁts
oﬀered by the full wave methods whilst utilising the computational eﬃ-
ciency of the asymptotic techniques.
 The MoM and the PO formulation was presented. Both formulations
were veriﬁed with the calculation of the current density on simple test
objects.
 The mathematical formulation behind the MoM/PO hybrid was pre-
sented. This hybrid formulation was implemented numerically and veri-
ﬁed with a simple ﬂat plate test. The coupling eﬀect of this hybrid was
then veriﬁed with two ﬂat plates. This hybrid technique was used as a
base from which to develop the technique proposed in this work.
 An improved hybrid MoM/PO was developed by extending the current
MoM/PO to include a linear phase term to model the surface current on
a triangle. This new technique allows the use of a non-uniform surface
mesh to model the geometry of interest. This is achieved with a linear
phase function to approximate the phase of the current on the non-
uniform mesh elements.
 Simulation results were presented to demonstrate the newly developed
improved hybrid MoM/PO. These results show the applicability of the
improved hybrid technique. Electromagnetic scattering results were cal-
culated from the currents approximated with the improved technique.
74
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These results compared the accuracy and eﬃciency of the improved hy-
brid technique to the original MoM/PO hybrid.
6.2 Conclusion
The work focussed on the development of a MoM/PO hybrid technique that
allows the use of large mesh elements in the PO region. It was found that:
 The improved hybrid was demonstrated to produce accurate results for
the dominant component of the scattered ﬁeld. The monostatic scatter-
ing results obtained with this method demonstrated that the numerical
accuracy of the improved hybrid matches that of the original MoM/PO
hybrid.
 The integration schemes used in the improved hybrid formulation approx-
imate the phase of the current incorrectly as mesh elements are increased.
The phase between two triangular elements is no longer continuous when
the mesh element is increased due to the integration scheme used in this
work. This eﬀect is worse at grazing incidence.
 The improved hybrid technique allows the use of a non-uniform mesh to
model the currents for the problem of interest. This is made possible
by the application of linear phase basis functions on the non-uniform
elements of the mesh.
 The tangential component of current across the method of moments-
physical optics boundary was not continuous. This results in a non-
uniform current density across this boundary.
 Both the MoM/PO and improved hybrid techniques require additional
calculations for the coupling eﬀect between the MoM and PO region.
This results in additional computation time for the calculations presented
by the hybrid.
 Care has to be taken in generating a mesh for use with the improved
hybrid method. The mesh generation algorithm has to ensure that the
number of MoM mesh elements are minimised to take full advantage of
the power of the improved hybrid.
 Although good agreement is obtained between the improved hybrid and
the MoM for the dominant component of current, this is not true away
from grazing angles and especially with increased mesh elements. This
is due to the rapid variation of the projected phase of the current on the
geometry.
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6.3 Summary of contributions
Several contributions were made to the ﬁeld of current based hybrid techniques.
The contributions are listed below:
 An improved current based MoM/PO hybrid was developed. The tech-
nique demonstrated that it is possible to obtain ﬁrst order approximate
solutions for electrically large problems with complex detail in an eﬃcient
manner using large triangular elements. This improved hybrid method
would be suited to Radar detection problems as opposed to tracking
and imaging because the resulting solution degrades away from normal
incidence.
 The phase of the current is modelled incorrectly for an incident ﬁeld
away from normal incidence. This is a result of the integration schemes
used in the present formulation.
 An improvement in the memory utilisation for mesh storage and the
MoM matrix is achieved with the use of the improved MoM/PO. This is
true as the mesh resolution is decreased. Care should, however, be taken
when utilising this improved hybrid because as the mesh resolution is
decreased, this is traded oﬀ for accuracy.
 The improved hybrid incorporates the linear phase triangular basis func-
tions into the original MoM/PO hybrid computation. This improved
hybrid algorithm presents a closed form equation for the solution as op-
posed to an iterative algorithm.
 The current density on the boundary between the MoM and PO regions
adversely aﬀects the accuracy of the improved hybrid.
6.4 Suggestions for future research
In this work, two ﬁndings justify further investigation. These are:
 The current magnitude at the MoM-PO boundary. The MoM/PO hybrid
technique presented in this study only enforces the normal component of
current to be continuous across the MoM-PO boundary. This results in
diﬀerences in the current density values on opposite sides of the MoM/PO
boundary. This warrants a further investigation into the deﬁnition of
basis functions to smooth the transition of currents on opposite sides of
the MoM-PO boundary.
 Singular term integration schemes. The singularity cancellation scheme
used in this study is a simple integration schemes used to avoid the source
and observation point occurring at the same point. Numerous singularity
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handling schemes have been investigated in the literature and use of one
these schemes can improve the accuracy of the MoM result.
 Linear phase integration scheme. The linear phase term was integrated
using the scheme in the original RWG MoM formulation. An investiga-
tion into a better integration scheme for this term is warranted by the
eﬀect of the current integration scheme on the phase of the resulting
current.
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